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Abstract 

We define real-valued characteristic classes of flat complex vector 
bundles and flat real vector bundles with a duality structure. We 
construct pushforwards of such vector bundles with vanishing charac- 
teristic classes. These pushforwards involve the analytic torsion form 
in the first case and the eta-form of the signature operator in the 
second case. We show that the pushforwards are independent of the 
geometric choices made in the constructions and hence are topological 
in nature. We give evidence that in the first case, the pushforwards 
are given topologically by the Becker-Gottlieb-Dold transfer. 



1 Introduction 

In this paper we construct analytic indices for secondary, as opposed to 
primary, index theorems. An example of a primary index theorem is the 
Atiyah-Singer families index theorem [3]. Roughly speaking, when both sides 
of a primary index theorem vanish over the reals, a secondary index theorem 
gives more refined information. The construction of the secondary analytic 
index involves so-called secondary invariants, such as the Bismut-Cheeger 
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eta-form [7] or the analytic torsion form of the author and Bismut [9]. We 
construct secondary analytic indices in two interesting cases. We make a 
literal analogy between the columns of the following table : 

Table 1 



C — vector bundle 
topological K theory 

Chern character 
Dirac type operator D 
spin c 
A class 
AS families index thm. 
Gysin map 



^(■;R/Z) 
reduced eta invariant 
eta form of D 



Primary Data 

flat C — vector bundle 
algebraic K theory 

Borel classes 
de Rham operator 
vacuous 
Euler class 
index thm. of [9] 
transfer of [4, 15] 

Secondary Data 



K 



R 



analytic torsion 
analytic torsion form 



flat R — duality bundle 

? 

p character 
signature operator o 
oriented 
L class 
families index thm. for a 
Gysin map 



eta invariant of a 
eta form of a 



To explain the meaning of this table, consider the first column. The pri- 
mary data is explained, for example, in the book of Berline-Getzler-Vergne[5]. 
Suppose that M —> B is a smooth fiber bundle with even-dimensional con- 
nected closed fibers Z. Suppose in addition that the vertical tangent bundle 
TZ has a spin c -structure. Then there is an analytically-defined pushforward 
n\ : K°(M) — > K°(B). The Atiyah-Singer families index theorem says that 
7Ti is the same as the topologically-defined Gysin map G : K°(M) — > K°(B). 
As a consequence, if E is a virtual vector bundle on M then one obtains an 
identity in H*(B;R) : 



ch(7r,(£)) = J A{TZ) A ch(£). 



(1) 
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If ch(E) vanishes in H*(M; R) then both sides of (1) vanish. This suggests 
focusing on (virtual) vector bundles with vanishing Chern character. Karoubi 
showed that they are intimately related to K-theory with coefficients. In fact, 
there is a geometric description of K~ 1 (M;Ti/Z) in terms of such vector 
bundles. Its generators are given by (virtual) Hermitian vector bundles on 
M with connection whose Chern characters are written explicitly as exact 
forms [20, 22]. 

In [22] we showed that one can detect elements of K~ 1 (M;H/Z) ana- 
lytically by mapping a closed odd-dimensional spin c -manifold X into M and 
computing Atiyah-Patodi-Singer eta-invariants of Dirac-type operators on X, 
reduced mod Z. Furthermore, if M — > B is a fiber bundle as above then we 
constructed an analytic pushforward m : K~ 1 (M;H/Z) — > K^ 1 (B; R/Z). 
The definition of this pushforward involved the eta-form of the fiberwise 
Dirac-type operators. The secondary index theorem of [22] says that 7Ti equals 
the Gysin map G : K~\M\ R/Z) -> K~\B\ R/Z). 

Thus the first column of Table 1 illustrates a method which starts with 
a primary index theorem and produces a secondary index theorem. In this 
paper we apply this method to two other primary index theorems. The first 
is an index theorem for flat complex vector bundles which appeared in [9] 
and is summarized in Appendix A of the present paper. This gives rise to 
the second column of Table 1. The relevant characteristic classes of flat 
complex vector bundles are known in algebraic K-theory as the Borel classes. 
Given a smooth fiber bundle M A B with connected closed fibers Z and 
a flat complex vector bundle E on M, the "primary" analytic pushforward 
of E is simply given by the cohomology groups of the fibers, with value in 
the fiberwise restrictions of E. These cohomology groups form flat complex 
vector bundles on B. 

To produce a secondary index, in Section 2 we consider a K-theory gener- 
ated by flat complex vector bundles E on a manifold M whose Borel classes 
are written explicitly as exact forms. Actually, in order to produce inter- 
esting examples we must assume that the flat vector bundles have a more 
rigid structure. As part of the data, we assume that there is a ring R, a 
representation p : R — > End(C n ) and a local system F of i?-modules on M 
such that E = F ® p C™. We then define a K-group K° R (M) of such objects 
with trivialized Borel classes. Our work is similar in spirit to that of Gillet 
and Soule in the holomorphic case [33], with their arithmeticity assumption 
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being replaced by our use of the ring R. 

We then define the secondary analytic pushforward. Given a fiber bundle 
M A B as just above, we add some additional geometric structure in the 
form of a horizontal distribution T H M and a family of vertical Riemannian 
metrics g TZ . We then use the analytic torsion form of [9] to define an analytic 
pushforward ii\ : ~K° R (M) — > K° R (B). We show that tt\ is independent of the 
choices of T H M and g TZ and hence is topological in nature. We conjecture 
that 7ri is related to the Becker-Gottlieb-Dold transfer [4, 15] in a certain 
generalized cohomology theory which is related to algebraic K-theory. We 
show that this conjecture is true when B is a point. This uses the fact 
that one knows what the analytic torsion form is in this case, namely the 
Reidemeister torsion. 

Section 3 deals with the third column of Table 1. We consider a primary 
index theory which is based on flat real vector bundles with a Poincare- 
duality-type structure. We first define an analog of the Chern character for 
such bundles. Let M — > B be a smooth fiber bundle with even- dimensional 
connected closed fibers Z such that the vertical tangent bundle TZ is ori- 
ented. Given a flat "duality" vector bundle E on M, the analytic pushforward 
of E is again constructed from the cohomology groups of the fibers, with value 
in the fiberwise restrictions of E; this uses the fact that the orientation of 
the fibers gives a Poincare-duality structure on the cohomology groups. The 
primary index theorem is simply the Atiyah-Singer families index theorem 
when applied to the vertical signature operators. It was previously consid- 
ered by Atiyah in the special case when E is trivial, in order to explain the 
nonmultiplicativity of the signature of fiber bundles [1]. (The pushforward 
of "duality" vector bundles which are fiberwise flat but not globally flat was 
considered by Lusztig for applications to the Novikov conjecture [26], but 
this differs from what we do.) 

In order to define a secondary index, we consider a group ~I? e {M) gener- 
ated by flat duality vector bundles on M whose Chern-type characters are 
written explicitly as exact forms. We show that one can detect elements of 
L € (M) by mapping a closed odd-dimensional oriented manifold X into M 
and computing eta-invariants of twisted tangential signature operators on 
X. This perhaps gives some hint to the topological meaning of real- valued 
eta-invariants. Given a fiber bundle M — > B as just above, we add a hori- 
zontal distribution T M and a family of vertical Riemannian metrics g TZ . We 
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then use the eta-form of the vertical signature operators to define an ana- 
lytic pushforward tt\ : L° e (M) — > T? een (B). We show that m is independent 
of T H M and g TZ . However, it is not clear to us what the purely topological 
equivalent of tt\ should be. 

The detailed descriptions of the subsections of this paper appear at the 
beginnings of Sections 2 and 3. The contents are: 

1. Introduction 

2. Flat Complex Vector Bundles 

2.1 Z-Groups 

2.2 Analytic Pushforward of i^-Groups 

2.3 Possible Topological Interpretation 

3. Flat Duality Bundles 

3.1 Characteristic Classes of Flat Duality Bundles 

3.2 Flat Duality Superconnections 

3.3 L-Groups and Real- Valued Eta-Invariants 

3.4 Number Operators 

3.5 Fiber Bundles 

3.6 Analytic Pushforward of L-Groups 
A. Results from [9] 

A.l Characteristic Classes of Flat Complex Vector Bundles 
A. 2 The Superconnection Formalism 

A. 3 Characteristic Classes and Torsion Forms of Flat Superconnections 
A. 4 Fiber Bundles 

I thank Wolfgang Luck, Christophe Soule, Michael Weiss and Bruce 
Williams for helpful discussions. It should be clear that many of the con- 
structions in this paper are inspired by ideas of Gillet and Soule. I thank 
Jean-Pierre Bourguignon and the IHES for their hospitality while part of this 
research was performed. 
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2 Flat Complex Vector Bundles 



Let R be a ring, satisfying certain conditions to be specified. Let p : R — > 
End(C n ) be a representation of R. We consider local systems F of i?-modules 
on a manifold M and their complexifications Fq = F® p C n . Given a Hermi- 
tian metric h F on the flat complex vector bundle Fq, certain characteristic 
forms c*(V F ,/i F ) G VL odd (M) were defined in [9] (see Appendix A.l). In 
Subsection 2.1 we define a group ~K° R (M) which essentially consists of pairs 
(F, h F ) along with an explicit writing of c*(V F , h F ) as an exact form. In fact, 
we first define a group K R (M) and a map d : K R (M) — > Q odd (M), and then 
put TC R {M) = Ker(c'). We show that TC R {M) is a homotopy-invariant of M 
and compute TC° R (pt.). In Subsection 2.2 we start with a smooth fiber bundle 
M B with connected closed fibers Z. Given the additional geometric data 
of a horizontal distribution T H M on M and vertical Riemannian metrics g TZ 
on the fibers, we construct an analytic pushforward ix\ : K R [M) — > K R (B). 
This analytic pushforward involves the analytic torsion form of the fiber bun- 
dle. We show that tt\ is independent of T H M and g TZ and hence depends only 
on the smooth topological structure of the fiber bundle. Using the Cheeger- 
Miiller theorem, we compute m when B is a point. In Subsection 2.3 we give 
a plausible topological equivalent of m in terms of the Becker-Gottlieb-Dold 
transfer. 



2.1 i^-Groups 

Let R be a right-Noetherian ring. Suppose that R is right-regular, mean- 
ing that every finitely-generated right-i?-module has a finite resolution by 
finitely-generated projective right-i?-modules. (A relevant example is R — 
Z.) Hereafter, all right-i?-modules will be taken to be finitely-generated. 

Let M be a connected smooth manifold and let F be a local system on M 
modeled on a right--R-module V [34, p. 58]. Let mo be a basepoint in M, put 
T = 7Ti(M, mo) and let M be the universal cover of M. If V is the fiber of F 
over mo then V is a right-i?-module and a left-Zr-module, and F = M x-pV . 
Conversely, given an i?r-module V which is finitely- generated over R, we can 
construct a local system F of right-i?-modules on M by F = M x r V. 

Definition 1 The group K R (M) is the quotient of the free abelian group 
generated by local systems of right-R-modules on M , by the subgroup gener- 
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ated by the relations F 2 — F 1 — F 3 whenever there is a short exact sequence 
of local systems 

— > F 1 — >F 2 — > F 3 — > 0. (2) 

We can identify K R {M) as the Grothendieck group of isomorphism classes 
of -KT-modules which are finitely-generated over R. With our regularity 
assumption on R, we have K R (pt.) = K (R). 

If R and R! are two rings obeying our assumptions, there is a natural 
product 

K R {M) x K%(M) — > K° mR ,(M) (3) 

generated by 

[F] x [F'\ = [F®F'\. (4) 

Let p : R — > End(C") be a ring homomorphism such that C™ is flat 
when considered as an i?-module. (A relevant example is when R = Z and 
p : Z — > End(C) is the standard inclusion.) If V is a right-i?-module, let Vq 
denote the complex vector space Vq — V <S> P C n . Let Fq = F ® p C n denote 
the complex vector bundle on M associated to the local system F. It has a 
flat connection V F . Define the characteristic class c(V F ) G H odd (M; R) as in 
Definition 38 of the Appendix. Given a short exact sequence (2) , by tensoring 
over p we obtain a short exact sequence of flat complex vector bundles on M 

— F&^U F 2 C ^ Fl — , 0. (5) 

Proposition 1 TTie assignment ofc(V F ) to F extends to a map c : K R (M) — 
R odd (M; R). 

Pf. : Given a sequence (2), we must show that c(V f2 ) = c(V Fl ) + c(V f3 ). 
This follows from (294). ■ 

Let h F be a positive-definite Hermitian metric on Fq. Define c(V F , h F ) G 
tt odd (M) as in Definition 37. 

Definition 2 ^4 K R (M)- generator is a triple T = (F, h F \rj) where 

• F is a local system of right-R-modules on M . 

• h F is a positive- definite Hermitian metric on Fq. 
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• i] is an element offl even (M)/im(d). 

Given a short exact sequence (5), choose Hermitian metrics \h F *} on 

{ F bfi=v Define the torsion form T f (A', h F ) € fi e?,en (M) as in Definition 46. 
Its salient property is that it satisfies equation (294). 

Definition 3 A K R {M) -relation is given by three K R (M) -generators T x , 
T 2 and T z , along with a short exact sequence (2) such that 

r]2 = Vi+V3 + T f (A',h F ). (6) 

Definition 4 The group K R (M) is the quotient of the free abelian group gen- 
erated by the K R (M) -generators, by the subgroup generated by the K R {M)- 
relations T 2 — T 1 — T z . 

The reader can compare the definition of K R (M) with that given in [17, 
Defn. 6.1] for the analogous holomorphic case. 

Proposition 2 The assignment of c(V F , h F ) — di] to (F, h F ,i]) extends to a 
map d : K R (M) -> Q odd (M). 

Pf. : Given a sequence (2) satisfying (6), we must show that 

c{V F \h p2 ) - c(V F \ O - c{V F \ h p3 ) = drj 2 - d-m - d m . (7) 
This follows from (294). ■ 

Definition 5 Letl^ R (M) be the kernel of d . 
There is a complex 

R even (M; R) K° R (M) K° R (M) E odd (M; R), (8) 

where a{a) = [(0,0, a)] and bferii [(F\ h F \ r?)]) = E; n t [F*]. 
Proposition 3 The complex (8) is exact. 
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Pf. : Exactnesss at K R (M) : Given Et^F*] G F/£(M) such that c(E; ™;[F']) = 
0, choose arbitrary Hermitian metrics {h pi } on the {(F*)c}- As Ei riic(V F \ h pi ) G 
Q odd (M) represents c(Ei?ii[F 1 ]) in de Rham cohomology, there is a r G 
fi««n(M)/im(d) such that E* ™*c(V F \ O = dr. Then [(0, 0, r)]+E* ^[(F\ h F \ 0)] 
is an element of K° R (M) whose image under b is Ei^i[F 1 ]. 
Exactness at F^(M) : Given E* ^[(F*, h F \ ?f)] G F^(M) such that Ei Wi[F*] 
vanishes in F^(M), there are local systems {Cr 7 , if- 7 ', i- 7 } on M and short ex- 
act sequences 

— ► — ► H j — >I j — ► (9) 

so that 

£ n % F l = £ m j (GP - JF + F) (10) 

1 3 

for some integers {rrij}. We also have 

Y.n l c{V F \h Fl ) = dY.n l r ] l (11) 

j i 

Put Hermitian metrics {h G \h H \h p } on {(G j ) c , (H j ) c , (F)c} so that (with 
a slight abuse of terminology) coincident terms in (10) have the same Her- 
mitian metric. Then 

J> c(V^\ O = 5>,- (c(V°U°') - c(V^, - c(v", ^)) • (12) 

» 3 

Let T- 7 G fi e,;en (F)/im(rf) be the torsion form of the sequence (9). By (294), 
dT 3 = -c( V GJ , /i GJ ) + c( V H ' , h Hi ) - c( V p ,h p ). (13) 

From (11), (12) and (13), we have that r = J2i n iV % + J2j m jT :i lies in 
H eTOn (F; R). Then in K° R (M), we have 

]>>[(F*,/^W)] = a(T) + Y,rn j ([(&,h< p ,0)]-[(n i ,h Bi ,T i )] 

i 3 

= a(r). (14) 
The proposition follows. ■ 



We now show the homotopy invariance of K R { 
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Proposition 4 Define i : M — > [0, 1] x M by io(m) = (0, m) and i\ : M — > 
[0,1] x M by ii(m) = (l,m). JTien /or any e ^^([0, 1] x M), one /ias 
?-q — — i^k . 

Pf. : Letting s be a coordinate on [0, 1], we can write exterior differentiation 
on [0, 1] x M as 

d = ds Ad s + d. (15) 
Let us write fc = J2j n j ^"j^ 7 )]) with 

En,-c(V* /^) = ^n^. (16) 

3 3 

Denote the restriction of [{F' ,h Fi ,rp)\ to {s} x M by [(F', /if , rf s )\. Then 
equations (15) and (16) imply that modulo im(d), 

^E^^^E^^ 3 ,^). (i7) 

3 3 

Let Tf{A', /if J ) be the torsion form of the sequence 

-> (F J ', /if) " (F J , /if) ^0^0. (18) 
One can show from (294) that 

7/04',/if ) ^En,-^,^). (19) 

Thus for all s G [0,1], 

E «i 4 = E »J ^ + E % **f )■ (20) 

j j i 

It follows that in F£(M), 

E^P^f ,vi)\ = H n A{F j X j (21) 

The proposition follows. ■ 
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Corollary 1 Let Z be a smooth connected manifold. Given a smooth map 
(ft : Z — > M and an element k G K R {M), the pullback <p*k G K R (Z) only 
depends on the (smooth) homotopy class of 0. 

Corollary 2 If f : M — > M' is a (smooth) homotopy equivalence then it 
induces an isomorphism f* : F^(M') — > K° R (M). 

Let i? and i?' be two rings obeying our assumptions. Then there is a 
natural product 

K° R (M) x K%(M) ^ K° mR/ (M) (22) 

generated by 

[(F, h F , V )] x [(F>, h F ', V ')} = [(F ® F', h F h F ',Tk(F c ) rf + rk(F^) V )}. (23) 

This passes to a product 

F^(M) x K%(M) — ^,(M). (24) 

We now consider the special case when M is a point. 

Definition 6 Let Kq°\R) be the Grothendieck group of isomorphism classes 
of pairs (V, vol) consisting of a right-R-module V and a volume form vol on 
V C - 

Proposition 5 F^(pt.) is isomorphic to Kq o1 (R). 

Pf. : A generator for K° R (pt.) is a triple (V, h v , i]) where V is a right- R- 
module, h v is a Hermitian metric on Vq and i] G R. With our regularity 
assumption on R, we may assume that V is projective. Let vo\(h v ) be the 
induced volume form on Vq- To (V, h v , 77) we assign the pair (V, e _T, vol(/i y )). 
We claim that this passes to a map from F^(pt.) to Kq o1 (R). To see this, 
suppose that we have a short exact sequence (2) satisfying (6). In this case, 
(6) becomes 

rj 2 = Vl + 773 + In (vol(0/vol(Ovol(0) , (25) 
where we use an obvious notation. Thus we get a relationship of pairs 

-> (F 1 ,e-" 1 vol(/i Fl )) -> (F 2 ,e-" 2 vol(/i F2 )) -> (F 3 , e _??3 vol(/i F3 )) -> 0, 

(26) 
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which is what was needed to be shown. 

It is now straightforward to see that this gives the isomorphism of the 
proposition. ■ 

The ring homomorphism p induces a map : Ki(R) — > Ki(C) = C*. 
Proposition 6 There is an exact sequence 

Kl (R) ^-h 1 R 7^(pt.) K (i?) 0. (27) 

Pf. : It remains to show exactness at R. Recall that K x (R) is generated by 
automorphisms A of projective right- -R-modules V. If vol is a volume form 
on Vq then A* vol = vol. Thus A gives an isomorphism between the 

pairs (V, vol) and (V, \p*(A)\ vol). However, in terms of the description of 
T(° R (pt.) in Proposition 5, we have 

[<Y, \p*(A)\ vol)] = [(V, vol)] + o(ln \p.(A)\). (28) 

It follows that a o In \pJ = 0. Similarly, if r G Ker(a) then there is a projec- 
tive right-i?- module V and an automorphism A of V such that r = In 
■ 

Example 1 : If R = Z and p : Z — > End(C) is the standard inclusion 
then K^(pt.) = R © Z. Specifically, if V is a finitely-generated abelian 
group, let V tor be the torsion subgroup and let {e i \ 1 ^L l be an integral basis 
for V I V tor - Given a volume form vol on Vq, the isomorphism takes (V, vol) to 
(In \ V tor \ — In vol(ei ® p 1, . . . , e m <g> p 1), m). If R = C and p : C — > End(C) is 
the standard map then fr^(pt.) = Z. This is because complex vector spaces, 
equipped with volume forms, are classified up to isomorphism by rank. 

2.2 Analytic Pushforward of K-Groups 

Let Z — > M A be a smooth fiber bundle with connected base B and 
connected closed fibers Z b = 7r _1 (6). Let F be a local system of right- R- 
modules on M. Let H (Z; F\ z ) denote the Z-graded local system of right-i?- 
modules on B whose fiber over b G B is isomorphic to the cohomology group 
R*(Z b ,F\ z ). Define [H(Z;F\ Z )\ G K° R (B) by 

mZ-F\ z )]=Y,(-lf[H p (Z-F\ z )}. (29) 
v 
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If we have a short exact sequence (2) of local systems on M then we obtain 
a long exact sequence of local systems on B 

. . . - H*(Z; F l \ z ) - /T(Z; F 2 \ z ) - if*(Z; F 3 | z ) - H* +1 (Z; F 1 ^) - . . . 

(30) 

We use the notation of Subsection A. 4. 

Definition 7 The pushforward in real cohomology, denoted ix\ : H*(M;R) — > 
H*(£>;R) ; gwen fry 

7r,(r) = J z e(TZ)Ur. (31) 

Definition 8 The pushforward in K^, denoted ir\ : K^(M) — > K^(B), is 
generated by 

n l ([F]) = [H(Z;F\ z )]. (32) 

It follows from (30) that 7Ti is well-defined on K\{M). 

Pick a horizontal distribution T H M and a vertical Riemannian metric 
g TZ on the fiber bundle. If F is a local system on M and h F is a Hermitian 
metric on Fq, let /i^ denote the L 2 -metric on H (Z; F\ z ) c . 

Definition 9 The pushforward in K\, denoted m : K\{M) — > K\{B), is 
generated by 

7n([(F, 77)]) = [(tf(Z; F| z ), ^, jT e (TZ, V tz ) A 77 - T(T H M, g TZ , h F )J 

(33)" 

Proposition 7 TTie pushforward in is well-defined. 

Pf. : Suppose that we have a i^(M)-relation in the sense of Definition 3. 
Let Tf(F) be the torsion form of (2) and let Tf(H) be the torsion form of (30). 
For j e {1,2,3}, put T j = T(T H M, g TZ , h pi ). Define a £ Q even (B) /im(d) 
by 

a = T 2 -T 1 - T 3 + T f (H) - f e (TZ, V tz ) A 7}(F). (34) 
Then we must show that a = 0. 
Lemma 1 a is independent of{h FJ }? =1 . 
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Pf. : Let {h F3 }? =l and {h' FJ }^ =1 be two choices of Hermitian metrics on 
{-^c}f=i- Then there is a smooth family {/if J }? =1 of Hermitian metrics, 
parametrized by s G [0, 1], such that h FJ = h FJ and hf J = h' F3 . Put M = 
[0, 1] x M and B = [0, 1] x B. Let n M : M -> Jkf and tt b : 5 -> 5 be 
the projections onto the second factors. Let 7f : M — ► i? be the projection 
/d[o,i] x 7T, with fiber Z = Z. There is a natural horizontal distribution 
T H M = R x T H M and vertical Riemannian metric g TZ = it* M g TZ on M. 
Put = it* M F-i . One has an equality of pairs 

(h(Z;F^),V h ^) = n% (h(Z; F'\ z ), V*<*H,>) . (35) 

We will abbreviate the left-hand-side of (35) by (if- 7 , V HJ ). There is a Her- 
mitian metric h FJ on F^ whose restriction to {s} x M is hf 3 . 
The exterior differentiation on B is given by 

d = dsAd s + d. (36) 

Consider the torsion form T(T H M,g TZ ,h FJ ) € Q e " en (S). By Proposition 
45, 

dT(T H M, g TZ , h FJ ) = J~e(TZ, V TZ ) A f(V F \h Fj ) - f(V Sj ,h" J ). (37) 
By construction, 

e(TZ, V TZ ) = n* M e(TZ, V TZ ). (38) 
Equations (36) and (37) give that modulo im(d), 

^ = f z e(TZ,V TZ )Ai 9 J(^\h Fj )-i 9 J(V Sj ,h Sj ). (39) 

On the other hand, the same type of arguments applied to Proposition 
41 give that modulo im(d), 

^^ = E(-l)^oJ(V^,^) (40) 
ds j=1 

and 

^^ = E(-l)^aJ(V-,^). (41) 

° b 3=1 
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Combining equations (39), (40) and (41), we see that a is independent of s. 



We now continue with the proof of Proposition 7. As a is defined solely 
in terms of complex vector bundles, we may as well assume that R = C and 
p is the identity map. If the short exact sequence (2) splits, as a sequence of 
flat vector bundles, then it is easy to see that a vanishes. Choose a splitting 
/i : F 3 — > F 2 of (2), as a sequence of smooth topological vector bundles. 

Using ji, there is an isomorphism of smooth topological vector bundles 

F 2 ^F 1 ® F 3 . (42) 
In terms of this decomposition, we can write 

V = ( I'' °„ ) , (43) 



with a G fi 1 (M;Hom(F 3 ,F 1 )). The flatness of V p2 is equivalent to the 
flatness of V Fl and V f3 , along with a being covariantly-constant, i.e. in 
supernotation, 

V Fl a + aV F3 = 0. (44) 

Following [9, Appendix A], we now show how to effectively rescale a. 

By Lemma 1, we may use arbitrary Hermitian metrics on the {F^} 3 =1 . 

Choose Hermitian metrics h pl and h pi and take h p2 = h pl © h pi so that 
(42) becomes an isometry. For e G (0, 1], put 

hf = h F \ hf = h Fl ®e~ 1 h F \ hf^e-W 3 . (45) 

Let X 1 and X 3 be the X's of (266) for the flat bundles F 1 and F 3 , defined 
using h pl and h p , and define a* G Vt l {M; Hom(F 1 ,F 3 )), the adjoint to a, 
using h p and h p . Then the X of (266) for the Z-graded vector bundle 
F 1 © F 2 © F 3 , defined using {h PJ } 3 =l , takes the form 



X 














X 1 


—a 





ea*/2 


X 


V o 
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\ 




X 3 



(46) 



Putting 



/ o 





V o o 








o \ 




I J 



(47) 



one has 



- q /2 x q /2 



( xl 











\ 





X 1 


-y/ea/1 










y/ea*/2 


X 3 







V o 








X 3 


/ 



(48) 



Thus the torsion form Tf(A', hf) of the sequence (2) equals the torsion form 
Tf(A', h F ) defined using the flat connection 



V 



F 2 




(49) 



A similar argument applies to the analytic torsion forms {T J }| =1 and to the 
cohomology sequence (30). Using Lemma 1, the conclusion is that a is in- 
dependent of the choice of e G (0, 1] in (49). As in [9, Appendix A], one can 
show that a extends continuously to a function of e G [0, 1]. But when e = 
then one is in the split situation and so a vanishes identically. ■ 

The pushforward w\ : K^(M) — >• K Q R {B) depends explicitly on T H M 
and g TZ and hence has no topological meaning. We now show that when 
restricted to K R (M), the pushforward is topological in nature. 



Proposition 8 The pushforward in K R restricts to a pushforward 
Pf. : Define tt, : Q(M) -> Sl(B) by 



7r,( V )= f e(TZ,V TZ 



A 77. 



(50) 
(51) 



It is enough to show that there is a commutative diagram 



K° R {M) A 


tt odd (M) 






Kl{B) 4 


Q odd (B). 



(52) 
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This follows from Proposition 45. 



Proposition 9 The pushforward in K R is independent of the choices of 
T H M and g TZ . 

Pf. : Let (T H M, g TZ ) and (T' H M, g' TZ ) be two choices of horizontal distri- 
butions and vertical Riemannian metrics on the fiber bundle. Then there is 
a smooth family (T^ 1 M, gj z ) of pairs, parametrized by s G [0, 1], such that 
(T H M,gZ z ) = (T H M, g TZ ) and {T*M,gJ z ) = (T' H M,g' TZ ). Define M and 
B as in the proof of Lemma 1. Define i : B — > B by i (b) = (0^6) and 
i\ : B — > B by ii(b) = (1,6). There is a horizontal distribution T H M whose 
restriction to {s} x M is R x Tj 1 M and a vertical Riemannian metric g TZ 
whose restriction to {s} x Mis g T s z . 

Given a finite set of generators J-i = (F^ , h FJ ,rf) in K R (M), put = 
Ti* M P. If Ej lies in K° R (M) then Ej n-F* lies in 1^(M) and 

k = n i ^ (53) 

i 

lies in K° R (B). By construction, ij^fc is the pushforward of Ej^jt-T 7,7 ] using 
{T H M, g TZ ) and i* fc is the pushforward of Ej ™j [.P] using (T'^M, # /TZ ) . The 
proposition now follows from Proposition 4. ■ 

Proposition 10 Let R and R' be two rings obeying our assumptions. Let 
Z -> M ^ B and Z' -»• Af' ^ B 6e iwo #er imnd/es over _B connected 
closed fibers. Let Z" — > M" — > £> be the product fiber bundle, with fiber 
Z" = Z x Z'. Let p : M" ■ M and p' : M" -> M' 6e the natural projection 
maps. Then for k G K R (M) and k' G K R ,(M'), one has an identity in 

K mR'( B ) 

n['(p*k ■ p'*k') = (mk) ■ (ir[V). (54) 

Pf. : Using the product formula for the analytic torsion forms given in [9, 
Prop. 3.28], this follows from a straightforward computation. We omit the 
details. ■ 
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Remark 1 : An important special case of the pushforward arises when 
there is an element k G K R (M) and an explicit trivialization of b(n\k) in 
K° R (B). Then there is a canonical lifting of mfc e K° R (B) to E even (B; R) in 
the sequence 

R even (B; R) ^K° R {B) ^ K R {B). (55) 

In particular, suppose that F is a local system of right- i?-modules on M, Fq 
admits a covariantly-constant Hermitian metric h F and H(Z; F\ z ) = 0. Then 
we can take rj = 0, k = [(F,h F ,0)} and pullback ixxk to -T e R even (B; R). 
Presumably this is the same up to constants as the higher Reidemeister tor- 
sion defined under the same circumstances by Igusa and Klein [19, 21]. 

We now look at the case when B is a point. 

Proposition 11 If Z is a connected closed manifold, consider the fiber bun- 
dle Z —> pt. Let z be a point in Z and let s : pt. — > Z be the section of 7r 
given by s(pt.) = z . Then tt\ : — > K° R (pt.) is given by 

7T, = s *. (56) 

Pf. : Let J2jnj[(F j , h F \rf)\ be an element of K° R (Z). For each j, put 

= if (Z;F'"| z ). (57) 

Note that for each j, H(j) is Z-graded. In what follows, many of the objects 
will be implicitly graded. Choose a Riemannian metric g TZ on Z. Letting 
77^ denote the 0-form part of r\\ we have 

tt: E n 3 \{F\ h F \rf)\ = £ nj [(H(j), h H ^\ j e(V TZ ) A rf [Q] - T j )\. (58) 
3 3 

Put T = ni(Z, zq). If is the fiber of F^ over zq, we can consider V- 7 to 
be a left-Zr-module and a right-i?-module. Take a CW-decomposition of Z. 
Then the space of F J -valued cellular cochains on Z is 

C*(Z; F j ) = Hom Zr (C*(Z), ^'), (59) 

where C*(Z) is a free left-Zr-module with a basis given by a lifting of the 
cells of Z. Let C be the i?-cochain complex 

C = $n 3 C\Z;P). (60) 
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Put C c = C ® p C n . As nj[(F j , h F \rf)} lies in lC R {Z), we have 

J> d log(vol(0) = E»i ^V', O = dj> »yf 0] , (61) 



which implies that the complex line bundle <S>j yA max FQ) on Z has a 
covariantly-constant volume form ®j ^vo^/i^)^ . Equivalently, the 

action of Zr on the complex line L = <S>j (A. max Vjj) 3 preserves a certain 

volume form. Using the cellular basis of C*(Z) and the volume form on L, 
Cq acquires a volume form vol(C). 
Define a right-i?-module if by 

H = Q nj H(j). (62) 

Letting H(j)c have the volume form 

vol(JfO')) = e-^ e(TZ ' vTZ)A iivol(^^)), (63) 

i?c acquires a volume form vol (//"). Now T J e R is given by the Ray-Singer 
analytic torsion [31] 



T=-- — 

2 ds 



dim(Z) 

E (-l)>Tr(A;)" S , (64) 

s=0 p=0 



By the Cheeger-Miiller theorem [13, 28, 29], ^Z 3 nfT^ is the same as the 
Reidemeister torsion T of C, computed using vol(C) and vol (//"). Thus in 
the notation of Propositions 5 and 6, 

^njKF'X'M = -a(T)+J2n 3 [(H(j),vol(H(j)))}. (65) 

3 3 

In fact, the right-hand-side of (65) is independent of the choice of volume 
forms {vol(H(j))}, provided that the same volume forms are used to com- 
pute T. The result now follows from the following algebraic proposition. 
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Proposition 12 Let X be a finite chain complex of based finitely- generated 
free left-ZT -modules . Let V be an RT -module which is finitely- generated over 
R. Define cochain complexes by C = Homzr(-^, V) andCc = Homzr(^, Vc). 
Let H be the cohomology of C and let He be the cohomology of Cq. Let 
vol(V) be a V -invariant volume form on Vq. Let vol(C) be the volume form 
on Cq constructed from vo\(V) and the given basis of X . Choose volume 
forms (vol(-fP)} on {H c }. Let T be the Reidemeister torsion of (C,H), 
defined using vol(C) and vol(H). Then in T(° R (pt.), one has 

~ a(T) + J2(-m(H p , vol(/P))] = X (X) ■ [(V, vol(V))]. (66) 
p 

Pf. : (due to Wolfgang Liick) We use the following lemma, which is essen- 
tially a result of Milnor [27] (see also [25]). 

Lemma 2 Let — > Be — > Cq — > -De -^0 fed s/iori exac^ sequence of finite 
C-cochain complexes. Let Hq be the acyclic complex of the long cohomology 
sequence. Suppose that the cochain groups and cohomology groups of Be, 
Cq and Dq are equipped with volume forms. Let T{B), T(C), T(D) and 
T(H) be the corresponding Reidemeister torsions. Let T(B P , C p , D p ) be the 
Reidemeister torsion of the short exact sequence 

0^B' c ^C c ^D c ^ 0. (67) 

Then 

T(B) - T(C) + T(D) = T(H) + ]T(-1) P T{B P , C p , D p ). (68) 

v 

Lemma 3 Let C be a finite acyclic right- R- cochain complex. Let {vol(C p )} 
be volume forms on {C c }. Let T be the Reidemeister torsion of C . Then in 

K R {pt.), one has 

- a(T) + J2(-l) P [(C p , vol(C^))] = 0. (69) 

v 

Pf. : We do induction on the length / of C. If I < 2 then C is a short 
exact sequence and the lemma is easy to check. Suppose that I > 3 and that 
the lemma is true for / — 1. Let c* be the coboundary operators of C. Let 
D be the cochain complex concentrated in degrees / — 1 and /, and given 
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there by the identity map C l -> C l . Put volp^ 1 ) = vo\(D l ) = vo\(C l ). 
There is a cochain map r : C — > -D so that rj_i = q_i and r/ = Id. If 
£> = ker(r), we have a short exact sequence of acyclic R-cochain complexes 
O^B^C^D^O. Equip {Bq} with volume forms. From Lemma 2, 

T(C) = T(B) - ]T(-1) P T{B P , C p , D p ). (70) 

v 

Applying the induction hypothesis to the acyclic cochain complexes B and 
— > B p — > C p — > D p — > 0, we obtain 

a(T(C)) = a(T(5)) - ^(-l) p a(T(5 p , C p , 

p 

= E(-l) P [(5 p ,vol(^))] 

p 

([(^,vol(^))] - [(C^vol(C^))] + [(^,vol(^))]) 

p 

= E(-l) P [(C p ,vol(^))]. (71) 

p 

This proves the lemma. ■ 

Let cr(X) denote the left-hand-side of (66). 

Lemma 4 Let — > Xi — > X 2 — > X 3 — > &e a frased s/iort exact sequence of 
finite based free left-ZT-chain complexes. Let V be an RT -module which is 
finitely- generated over R. Let vol(V) be a V -invariant volume form on Vq. 
Fori G {1, 2, 3}, put Cj = Homz r (Xj, V). Let vol(Cj) be the volume form on 
Cic constructed from vo\(V) and the given basis of Xi. Then for any choice 
of volume forms {vol(id*(Cj))}i<j<3 7 m X^(pt.) one has 

a(X ± ) - a(X 2 ) + a(X 3 ) = 0. (72) 

Pf. : We have a volume-preserving short exact sequence of C-cochain com- 
plexes 

-> C 1C -> C 2C -> C 3C -> 0. (73) 
Let ifc denote its long cohomology sequence. From Lemma 2, 

T(C 1C ) - T(C 2C ) + T(C 3C ) = T(H). (74) 
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From Lemma 3, 

a(T(H)) = ^(-ir[(^(C 1 ),vol(^(C 1 ))] 

v 

-E(- 1 ) p [(^ p (c , 2 ),voi(^(c 2 ))] 

P 

+ E(-l) P [(^(C3),vol(^(C 3 ))]. (75) 

p 

The lemma follows from combining (74) and (75). ■ 

We now prove the proposition by induction on the length I of X. The 
case / = is easy to check. Suppose that / > 1 and that the proposition is 
true for / — 1. Let X|/_i be the initial segment of X of length I — 1. Let X(l) 
be the cochain complex given by just the final term in X. Then there is a 
based short exact sequence of finite based free left-Zr-chain complexes 

-> X(l) -> X -> -> 0. (76) 

By Lemma 4, for any choice of volume forms on the cohomology groups, 

a(X) = a(X(l))+a(X\ l . 1 ). (77) 

Applying the induction hypothesis to X(l) and X\i_i, the proposition fol- 
lows. ■ 

Example 2 : Suppose that R = Z and p : Z — > End(C) is the stan- 
dard inclusion. Let Z be a closed connected manifold. Let F be the trivial 
local system on Z with fiber V = Z. Let /i F be the flat Hermitian metric on 
Fq normalized to be 1 on the generators of F C Fq. Choose a Riemannian 
metric g TZ on Z. Let vol^2 (H p ) be the volume form on H P (Z; R) coming from 
the L 2 -inner product. Let volz(H p ) be the volume form on R P (Z; R) coming 
from an integral basis of H P (Z; Z) /H P (Z; Z) tor . Using the results of Example 
1, the statement of Proposition 11 boils down to [13, Theorem 8.35], namely 
that the analytic torsion of (Z, F) is given by 

T-B-l^HB^ZW-ln^gg). (78) 
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Remark 2 : In the case of Z A pt., we have seen that only the degree-0 part 
of r] is relevant. More generally, if dim(£?) < 2r, one can redo the definitions 
truncating rj at degree 2r and c(V F , h F ) at degree 2r + I. 



H even (M; R) 




^(M) 








H««"(S;R) 







2.3 Possible Topological Interpretation 

With the notation of Subsection 2.1, we have a commutative diagram 

H «W( M;R ) 

TTi | (79) 

^ H odd (S;R). 

Let K a ig(R) = Kq(R) x BGL(R)f be the classifying space for algebraic 
K-theory, where 8 denotes the discrete topology on GL(R) and + denotes 
Quillen's plus construction. Let K* lgR be the corresponding generalized co- 
homology theory, so that K® lgR (M) = [M, K a i g (R)\. Consider the map 

oo 

K alg {R) ^ K alg {C) 4 J] K(R, 2j + 1), (80) 

i=i 

where (3 is the map given by the Borel regulator classes. Let Tr be the 
homotopy fiber of /3 o p*, a map of infinite loop spaces, and let T R be the 
corresponding generalized cohomology theory. The homotopy exact sequence 
gives 

. . . - K X {R) -> R -> J*(pt.) -> X (i?) -> 0, (81) 

which can be compared with Proposition 6. 

Given a generalized cohomology theory _E and a fiber bundle Z — > M A 
i? with connected compact fibers, the Becker-Gottlieb-Dold transfer gives a 
map tr : E*(M) — > E*(B) [4, 15]. There is a corresponding commutative 
diagram 

H—(M;R) — ^(M) — > ffS a>fl (M) — H odd (M; R) 

trj trj trj tr J, (82) 

H«-(S;R) — ^(fi) — ^(5) — H^(£;R). 
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In the case of ordinary cohomology with real coefficients, tr is the same 
as the 7Ti of Definition 7. Furthermore, with our regularity assumption on R, 
there is a map K R (M) — > K® lgR (M) which essentially comes from the map 
K (R) x BGL(R) S -> K (R) xBGL(R)j. In terms of the pushforward tt, of 
Definition 8, Dwyer and Williams have shown [16] that there is a commutative 
diagram 

Kl{M) -> K° alg , R ( M ) 

tt, | tr | (83) 

K°r(B) - K lg , R {B). 

Superimposing (79) on (82), the natural guess is that the pushforward 
7T| : K R (M) — > K° R (B) is essentially the Becker-Gottlieb-Dold transfer. 



Conjecture 1 T/iere zs a natural map K R (M) — > JF^(M) snc/i £/ia£ £/ie 
following diagrams commute : 



H e " en (M;R) -> iT^M) -> X£(M) 

I I I (84) 

H— (M;R) - J*tM) - Aj^M) 

and 

tt, | tr | (85) 

K° R (B) - J» R (B). 

Conjecture 1 is consistent with Proposition 11, as the Becker-Gottlieb- 
Dold transfer of the fiber bundle Z — > pt. is given by x(%) s *- 

One can compare Conjecture 1 with the corresponding result of [22], in 
which 7T| was an analytic index in R/Z K-theory and tr was a topological 
index. The method of proof in [22] was to use the topological pairing 

K^(B) x K-\B; R/Z) -> R/Z, (86) 

which could be described analytically in terms of eta-invariants. This method 
of proof will not work here, because of the fact that the pushforward of Propo- 
sition 11 gives little information about ~K° R (Z). 

Remark 3 : One can ask similar questions in the holomorphic case, fol- 
lowing the work of Gillet and Soule. Namely, if M is an arithmetic variety, 
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define K (M) as in [17, Definition 6.1]. Let K (M) be the kernel of the map 
ch : K (M) — > A(M). Suppose that M A B is a smooth projective map 
of arithmetic varieties such that is a Kahler fibration. There 

is a pushforward K (M) — > K (B) [18] which restricts to a pushforward 
m : ifo(-^f) ~~ * Kq{B). From [8, Theorem 3.10], 7n is independent of the 
choice of the form u on defining the Kahler fibration. (Strictly speak- 
ing, one should also relate the holomorphic torsion forms of [18] and [8].) 
One can then ask for a purely holomorphic description of 7n. 

A related question occurs when B is a point. Let Z be a closed Hermitian 
complex manifold. Let E 1 and E 2 be two flat Hermitian vector bundles on 
Z with rk(Ei) = rk(E 2 ) such that for some p, W'*(Z; E x ) = R P '*(Z; E 2 ) = 0. 
Then by [32], the difference of the holomorphic torsions T P (Z, E\) — T P (Z, E 2 ) 
is independent of the Hermitian metric on Z. A problem which is implicit in 
[32] is to give a purely holomorphic description of T p (Z, Ei) — T p (Z, E 2 ). See 
[14], [32] and [33] for results along this line. 

3 Flat Duality Bundles 

We consider flat real vector bundles E on a manifold M which are equipped 
with a parallel nondegenerate e-symmetric bilinear form, where e = ±1. 
Given a reduction J E of the structure group of E (as a topological vec- 
tor bundle) to its maximal compact subgroup, in Subsection 3.1 we define 
a characteristic form p(V E , J E ) G Q A * +1 ~ e (M). In Subsection 3.2 we ex- 
tend these considerations to the setting of superconnections and define the 
notion of a flat duality superconnection on E, along with its characteristic 
form p(A', J E ) E VL A * +1 ~ e (M). In Subsection 3.3 we define a group L° e (M) 
which essentially consists of pairs (E, J E ) along with an explicit writing of 
p(V E , J E ) as an exact form. We show that L° e (M) is a homotopy-invariant 
of M and we show how to detect elements of L° e (M) by means of real- valued 
eta-invariants of tangential signature operators. In Subsection 3.4 we as- 
sume that E is Z-graded and use the ensuing rescaling of J E to construct 
the finite-dimensional eta-form rj of [7]. In Subsection 3.5 we start with a 
smooth fiber bundle M —> B with closed oriented fibers Z. Adding a hor- 
izontal distribution T H M and a vertical Riemannian metric g TZ , we show 
that the infinite-dimensional vector bundle W on B of vertical differential 
forms acquires a flat duality superconnection. In Subsection 3.6 we construct 
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an analytic pushforward m : L e (M) — > L t (B). This pushforward involves the 
eta-form of the vertical signature operator. We show that m is independent 
of T H M and 

One could generalize the results of this section to the setting of modules 
over rings with anti-involutions, but for simplicity we only discuss vector 
spaces over the reals. 

3.1 Characteristic Classes of Flat Duality Bundles 

Let V be a finite-dimensional real vector space. Let (•, -)y be a nondegen- 
erate bilinear form on V. Given e = ±1, we say that (•, -)y is e-symmetric 
if (vi,v 2 )v = c(v2,vi)v for all vi,v 2 G V. The automorphism group of 
(V, (•, -)y) is of the form 0(m, m') if e = 1 or Sp(2m, R) if e = —1. 
Let M be a smooth connected manifold 

Definition 10 ^4 /Za£ duality bundle on M is a real vector bundle E on M 
with a flat connection V E and a nondegenerate e-symmetric bilinear form 
(•, -)e as above which is covariantly- constant with respect to V E . 

Equivalently, we assume that the holonomy group of E is a discrete sub- 
group of 0(m,m') (or Sp(2m : R)). We can choose an automorphism J E of 
E, considered as a smooth topological vector bundle, so that 

• (J E ) 2 = e. 

• (vi,v 2 )e = (J E Vi,J E v 2 ) E - 

• The inner product < Vi,v 2 >e — (fi, J e v 2 )e is positive-definite. 

The choice of J E reduces the structure group of E, as a smooth topological 
vector bundle, to 0(m) x 0(m') (or U(m)). 

Definition 11 Define w(V £ ', J E ) G Q 1 (M; End(£')) by 

u;(V E , J E ) = {J E )-\V E J E ). (87) 

When no ambiguity can arise, we will abbreviate w(V B , J E ) by uj. One 

has 

V E u = -u) 2 . (88) 
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Proposition 13 The adjoint of V E with respect to the inner product < 
•, ■ >e is 

(v E f = (J E Y l V E J E = V E + u. (89) 
Pf. : Given sections e\ and e 2 of E and a vector field X on M, we have 

<e 1 ,(V E )xe 2 >E = X < ei,e 2 >e - < Vfei,e 2 >e 
= X{e l) J E e 2 ) E -{V E x e l ,J E e 2 ) E 
= (e 1: V E (J E e 2 )) E 

= <e 1 ,((J E )- 1 V E J E )e 2>E . (90) 
The proposition follows. ■ 



Definition 12 Define a connection \/ E ' u on E by 

V £ < U = V £ + -. (91) 
2 

Proposition 14 The connection \/ E,u preserves < •, • > E and commutes 
with J E . Its curvature is given by 

(V*'f = -£ (92) 

Pf. : From Proposition 13, V £ ' u = \ (\/ E + (V £ ) T ) preserves < •, • 
Next, 

V E, UJ E = l {yE+ ^ jE y lvEjE)jE= l {yEjE + e ^ jE y lvE) 

2 2 
= \j E ((J E T 1 V E J E + V E ) = J E V E > u . (93) 

Finally, 

( v ^ = (v* + I^Iv^ + ^ = -^. (94) 
The proposition follows. ■ 
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Definition 13 If e = I, define p{V E , J E ) G Q A *{M) by 

,2\ " 



p(V* J E ) = tr 
Ife = -I, define p(V E , J E ) G fi 4 * +2 (M) by 



p(V E , J E ) = -tr 



J E sml — 
V 8tt 



If e = 1, put 



74- JE 

P± = , E± = P±E, V E± = P ± V E ' U P±. 

2 

Then V E± is an orthogonal connection on the real vector bundle E±. 
If e = —1, put 



(95) 



(96) 



(97) 



P±{E C ), V E± = P±V E ' U P ± . 



(98) 



Then V E± is a Hermitian connection on the complex vector bundle E±. 
Proposition 15 We have 

p (y E , J E ) = ch(V £+ ) - ch(V £ -). 
Pf. : As V E ' U commutes with P±, the curvature of V £± is given by 

(y^) 2 = P± (y E ^) 2 p ± = - l - P± ^ P± . 

It follows that 



ch(V £ +) -ch(V £ -) =tr 
If e = 1 then we get 

ch(V £ +) -ch(V s -) =tr 

If e = — 1 then we get 



The proposition follows. 



P + e 8" 



-tr 



UJ 

P_ esiT 



(99) 
(100) 
(101) 





= tr 


[Ms)] 









tr 


— « J 


= -tr 


[MSI 











(102) 



(103) 
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Corollary 3 The form p(V E , J E ) is closed. 

Pf. : Using Proposition 15, this follows from the analogous property of the 
Chern character. ■ 

We will show in Corollary 5 that the de Rham cohomology class p(V E ) G 
H 4 * +1 - e (M;R) of p{V E , J E ) is independent of J E . As in Subsection A.l, 
one can view p(V E ) as arising from the group cohomology of 0(m,m') 
(or Sp(2m,R)). Let H*(0(m, m'); R) (or B* c (Sp(2m, R); R)) be the co- 
homology of the complex of Eilenberg-Maclane cochains on 0(m,m') (or 
Sp(2m, R)) which are continuous in their arguments. Then the inverse limit 
lim^^j/^oo H*(0(m, m'); R) (or lim m _ ( . 00 H*(Sp(2m, R); R)) is a symmetric 
algebra with generators in degrees congruent to (or 2) mod 4 [10]. There 
are forgetful maps 

At : H*(0(m,m');R) -> B*(BO(m,m') s ;R) (104) 

and 

H : R* c (Sp(2m, R); R) -> H*( J B5p(2m, R) 5 ; R). (105) 

The terms in p(V E ) are the pullbacks, under the classifying map of E given 
by v : M — > BO(m,m')s (or v : M — > BSp(2m, R)s), of the /z-images of 
these generators. 

3.2 Flat Duality Superconnections 

Let .E be a real vector bundle on M with an element J E G Aut(E') satisfying 
{J E ) 2 = e, e = ±1. Let V s '" be a connection on which commutes with 
J E . Given S G Q(M; End(£ 1 )), we can decompose 5 as 

s = ( 106 ) 

i>o 

where Sj is of partial degree j in the Grassmann variables of A (T*M). We 
say that S is even if for all j > 0, 

J^. = (-1) J '^J E (107) 

and odd if for all j > 0, 

J E ^- = (-l)' +1 S , j J B . (108) 
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Definition 14 A J E -super connection on E is an operator of the form A = 
V E ' U + S with S odd. 

Clearly if we complexify and let r = 4| J E define the Z 2 -grading on 
Eq then Ac is a superconnection on Eq in the sense of [30]. To get the 
signs right when manipulating A, one can use the sign conventions for the 
action of Ac on the Z 2 -graded vector space Eq. By definition, the curvature 
of A is A 2 , a C°°(M)-linear endomorphism of Q(M;E) which is given by 
multiplication by an even element of Q (M; End(E')). 

Now suppose that as in Subsection 3.1, E is endowed with a nondegener- 
ate e-symmetric bilinear form (•, •). Extend (•, -) E to an ^(M)-valued bilinear 
form on Q(M; E) by requiring that for e, e' G C°°(M;E) and u E Q j (M), 
J e Q j '(M), 

(cue, cu'e') E = (-l) 2 ^^ A J (e, e') E . (109) 

Let a be a new variable which commutes with C°°(M; End(£ 1 )), anticom- 
mutes with Q 1 (M) and satisfies a 2 = 1. 

Definition 15 Given a J E -superconnection A and an even element X of 
Q(M; End(-E)), we say that (A, X) forms a flat pair if 

(A-Xa) 2 = 0. (110) 

We say that (A, X) is (•, -) E - compatible if for alle,e' G C°°(M;E), 

d(e,e') E = (Ae,e') E + (e,Ae') E , 

= (Xe,e') E + (e,Xe') E . (Ill) 

We say that (A, X) is a flat duality superconnection if it is a (•, -) E - compatible 
flat pair. 

Put 

A' = A-X, 

A" = A + X. (112) 

Here A' is the sum of a connection V E and an element of Q(M; End(E)), 
and similarly for A". One can show that (111) is equivalent to 

d{e, e') E = (A'e, e') E + (e, A'e') E . (113) 
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Given A' and J E , we can recover A and X as the odd and even parts of A', 
with respect to J E . Note, however, that A' c is inhomogeneous with respect 
to the Z 2 -grading on Eq- For this reason, we generally write things in terms 
of A and X. 

In analogy with [9, Sections lc,d], let - T denote the linear map on fl(M; End(E)) 
defined by the relations 

• For a, a' G Q(M; End(E)), 

(aa') T = a' T a T . (114) 

• For uj G n\M), 

u T = -u. (115) 

• For a G C°°(M; End(.E')), we have that a T is the transpose of a in the 
ordinary sense, that is, for all e, e' G C°°(M; E), 

< a T e, e >e = < e,ae >e ■ (H6) 

Given a J £ -superconnection A = V E ' U + 5, we define its transpose to be 
A T = (\/ E ' M ) T + S T . We say that a J^-superconnection A is symmetric if 
A T = A. 

Proposition 16 If the pair (A, X) is (•, -) E - compatible then A is symmetric. 

Pf. : Suppose that (A, X) is (•, -^-compatible. Let us write A as \/ E ' u + S, 
with Si = 0. From (111), 

d(e, e') E = (V E > u e, e') E + (e, V E ' u e') E , (117) 

implying that for any vector field V on M, 

V<e,e'> E = < V^' u e, e' > E + < e, ( J E )- l V^ u J E e' > E . (118) 

As A is a J £ -superconnection, (J B )- 1 Vv' u ^ E = Vy' u and so (118) implies 
that V £ ' u is symmetric. Furthermore, (111) implies that for j > 0, 

= (S J e,e') E + (e,S J e') E . (119) 
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Let {ujj tr } be a local basis of fi J (M). Write 

Sj = ^2ujj >r Bj tr , 

r 

with B j>r e C°°(M; End(E)) satisfying 

J E B hr = {-l)^B hr J E . 

Then 

= S [(^,r-Bj ir e, e')B + (e,w iirJ B iir e%] 

r 

j(j-i) 



= E w j> (5j>e, e% + (-1) 2 ( e ,B j:r e') E 



Thus 



implying that 



jQ-i) 



= (Bj, r e,e')E + (-l) — (e,B j>r e') E , 



j(j-i) 



< S jir e,e' > s + < e, {J E y 1 B j , r J E e' > E 



= < B j>r e, e' > E - (-1) 2 < e, S j>r e / > s • 



That is, 



(120) 



(121) 



(122) 
(123) 



(124) 
(125) 



It follows that 

r r r 

7(7+1) 

= (-l)^-E W i.r^ r = E W ^,r = 5,, (126) 
r r 

Thus A is symmetric. ■ 

Let (A,X) be a flat duality superconnection. Define as in (255). 
Definition 16 Define p(A', J E ) E Vt even (M) by 



p(A',J E ) = —<j ) tT 



J E e- A2 



(127) 
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Proposition 17 One has thatp(A', J E ) is a real closed element ofVt A * +l e (M). 
Pf. : Using the Z 2 -grading on Eq given by r, we have 

p(A',J E ) = ch(A c ). (128) 



It follows that p(A', J E ) is real and closed. As tr 



J E e' A2 



is also real, 



p(A', J E ) must be concentrated in degrees congruent to (1 — e) mod 4. 



Proposition 18 Fix (•, •) and A' . Let s e R parametrize a smooth family 
of automorphisms J E (s) as above. Then 



tr 



J 



ds 



[J E ) 



Here 
mutator. 



(jEyidJl^x 



ds 



(129) 

is an ordinary matrix commutator and not a supercom- 



Pf. : We can write 



with 



Now 



OA' 

ds 
OA" 

ds 



dJ E 

ds 



[J E ,R] 



1 

2 



R = x (J E ) 



E 



ds 



dA» E ^_ x dJ E 



ds 



ds 



[A",2R\. 



(130) 
(131) 



(132) 



Thus 



dA 

^ = {A",R} = [A,R] + [X,R}. 



(133) 
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As an overall conjugation does not change the trace, we may equally well 
assume that 



d.J E 

ds 
OA 

ds 



0, 

[X,R\. 



(134) 



That is, in effect we have a fixed Z 2 -grading on Eq and we are varying the 
superconnection A. It is known in this case [30] that 



d_ 

ds 



ch(A c ) = d I -(2m)- 1 / 2 0tr 



dA 
ds 



-A 2 



Thus 



d 



^- p(A', J E (s)) = d I -(2m)- 1 / 2 tr J K [X, R] e 



-1/2 



-A 2 



ds 



(135) 



(136) 



The proposition follows. 



Definition 17 Given (•, •) and A' , let J E and J E be two choices of J E . Let 
J E (s) be a smooth 1 -parameter family of J E, s such that J E (0) = J E and 
J E (1) = Jf . Define p(A', Jf , J E ) e fi 4 *" e (M)/im(rf) by 



p(A',J E ,Ji)= f 1 ds{2m)- 1 / 2 ^ r ^ 
Jo 2y/e 



(J E ) 



ds 



X 



Corollary 4 One has 

dp(A', Jf , J E ) = p(A f , J E ) - p(A\ J E ). 



(137) 



(138) 



In particular, the de Rham cohomology class p(A') £ H 4 * +1 - e (M; R) of 
p(A', J E ) is independent of J E . Also, p(A', J E , J E ) is independent of the 
choice of the 1 -parameter family J E (s) in its definition. 



Pf. : This follows from Proposition 18. 
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Corollary 5 Fix E, V E and (•, ■) as in Subsection 3.1. Then the de Rham 
cohomology class p(V E ) G H 4 * +1 " e (M;R) ofp(V E ,J E ) is independent of 
J E . More precisely, let s G R parametrize a smooth family of automorphisms 
J E (s) of E as in Subsection 3.1. If e — 1 then 



§- s P(V E ,J E (s)) 



d 



1 

47T 



dJ E 
ds 



uj sin 



If e = — 1 then 

d_ 

ds 



p(V E ,J E (s)) = d 



47T 



tr 



dJ 



E 



ds 



UJ COS 



UJ 

8^ 



UJ 

8^ 



(139) 



(140) 



Pf. : Applying Proposition 18, 

d 



ds 



p(V E ,J E (s)) 



d\{2iiT)- l l 2 
d | 



( 1 1 

\7T. Ftr 

V am ye 



4^ 



{J 1 



^dJ 1 



ds 



e 4 



ds 



UJ 



= d 



1 1 

8in y/e 

-uj (J 
1 1 



tr 



J E (J 



d T E 

ds 



,dJ E \ JL 



ds 



g 8l7T 



= d ■= tr 



J 



* i(j E r idjE 



ds 



+uj J E {J E ) 



-idJ E \\ JL 



ds 



g 8iir 



d I TT 



1 1 
A— 

4m ye 



UJ eSiT 



(141) 



The corollary follows. 



3.3 L- Groups and Real- Valued Eta-Invariants 

Definition 18 The generators of L° e (M) are the triples £ = (E,V E , (•, -)e) 
where 
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• E is a real vector bundle on M. 

• V E is a flat connection on E. 

• (-,-)e is a nondegenerate e- symmetric bilinear form on E which is 
covariantly- constant with respect to V E . 

Definition 19 The L° e (M) -relations are given by 

1. Three L®(M) -generators S 1 , £ 2 and £ 3 , along with a short exact sequence 
of flat vector bundles 

— >E l -U E 2 -U E 3 — > (142) 
such that i and j T are isometries. 

2. An L° e (M)- generator oj 'the formV®V T = (v © V T , V y © (V y ) T , (•, -)vev T ) , 
where 

• V is a real vector bundle on M. 

• V v is a flat connection on V . 

• (•, -) V (bvt ^ given by 

(v ®v',w® w') V(BV t = w'(v) + ev'(w). (143) 

Note that j T gives a canonical splitting of the sequence (142). Thus 

£ 2 = £ l ®£\ (144) 

Definition 20 The group L° e (M) is the quotient of the free abelian group 
generated by the L° e {M)- generators, by the subgroup generated by the L° € {M)- 
relations E 2 - S 1 - £ 3 and V © V T . 

Example 3 : One has L°(pt.) = Z, where the right-hand-side is repre- 
sented by the signature of the symmetric form (-,-)e- Also, L° 1 (S' 1 ) = 
Z[SO(2)], the group ring of SO (2). To see this, given an L° 1 (S' 1 )-generator 
£ = (E, V E , (•, -)e), let H (V s ) be the holonomy of V E around the cir- 
cle with respect to a basepoint. Then H (v E ^j lies in Sp(2m, R), where 
dim(.E') = 2m. We can put H (V E ) into a normal form consisting of a direct 
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sum of 2 x 2 hyperbolic and elliptic factors. Then the element of Z[S'0(2)] 
corresponding to £ is the sum of the elliptic factors. 

Remark 4 : In the case of integral rather than real structures, similar 
groups L 2k (ir, Z,v) were defined in [24, p. 147], where (— l) fe = e. 

Given the sequence (142), choose automorphisms {J E '} 3 i=1 on {E' l }^ =1 . 
Then using the splitting (144), we can write 

dp(y E \ j e \ j e1 © j e3 ) = ]T(-iy P (v E \ j Ei ). (145) 

i=i 

Proposition 19 The assignment ofp(V E ) to E extends to a map p : L° e (M) - 
H 4 * +1 - £ (M;R). 

Pf. : We have to show that p vanishes on the L°(M)-relations. 

1. For a relation coming from a short exact sequence (142), this follows from 
(145). 

2. For a relation V © V T , choose a positive-definite inner product h v on V . 
Let 

h v : V -> V T (146) 

be the isomorphism defined by 

(h v v){w) = h v {v,w). (147) 

Define an automorphism Jq® vT by 

J^® yT {v ®v') = e (h v )- 1 v' © h v v. (148) 

Then oj 2 is diagonal with respect to the splitting V © V T , whereas Jq® vT is 
off-diagonal. It follows that 

p(V V(BVT ,J^ yT )=0. (149) 

Thus ^(V^ ^) =0. ■ 

Definition 21 An L° e (M) -generator is a triple £ = (E, J E , p) where 
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• E is a real vector bundle on M with a flat connection V E and a nonde- 
generate e-symmetric bilinear form (•, -) E which is covariantly constant 
with respect to V E . 

• J E is an automorphism of the topological vector bundle E such that 
(J E ) 2 = e, (J E e,J E e') E = (e,e') E and < e,e' > E = (e,J E e') E is a 
positive- definite inner product on E. 

• pe n 4 *- e (M)/im(d). 

Definition 22 The L° e (M) -relations are given by 

• Three LP^M)- generators S 1 , £ 2 and S 3 , along with a short exact se- 
quence (142) such that 

92 = Pi + P3 + piy E \ J E \ J El © J Ei ). (150) 

• An L° e (M)- generator V © V T = (V © V T , J o y ® yT ,0) ; where J yeyT is 
defined as in (148). 

Definition 23 The group L° e (M) is the quotient of the free abelian group 
generated by the L°(M)- generators, by the subgroup generated by the L°(M)- 
relations £ 2 - E 1 - £ 3 and V © V T . 

Proposition 20 The assignment of p(V E , J E ) — dp to (E, J E , p) extends to 
a map p' : L%M) -> fi 4 * +1 - £ (M). 

Pf. : This follows from (145) and (149). ■ 

Definition 24 LetT? e (M) be the kernel of p' . 
There is a complex 

H 4 *- £ (M; R) I°(M) L° e (M) H 4 * +1 - £ (M; R), (151) 
where a(a) = [(0,0, a)} and bfem [(E\ J E \ p*)}) = £,n, [E% 
Proposition 21 The complex (151) is exact. 
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Pf. : ExactnesssatL°(M) : Given E^fF*] G L° € (M) such that p(E; ra^F*]) -- 
0, choose automorphisms {J pt } on the {F*}. As Ei^p(V F \ J Fl ) e fi ewen (M) 
represents p(E; n i[F l \) m de Rham cohomology, there is a r e fi odd (M)/im(cf) 
such that Einip(V Fi ,J Fi ) = dr. Then [(0,0, r)] + E* ™;[(F\ J F \ 0)] is an 



element of L° e (M) whose image under b is Ei^i[-F]- 
Exactness at L° e {M) : Given E;™i[(F*, e lJ(M) such that E^ifF*] 

vanishes in L°(M), there are flat real vector bundles {& , iF, P} on M and 
short exact sequences 

— > G j — ► H j — ► P — ► 0, (152) 
along with flat real vector bundles {V k © V kT } on M such that 

J2 th F l = E mj (G j - W + P) (V k © V kT ) (153) 

i j k 

for some integers {rrij} and {Ik}- We also have 

Y,n l p{V F \J Fl )=dY j n lP l (154) 

Choose automorphisms {J G \ J RJ , J /J } and {j^©^} so that (with a slight 
abuse of terminology) coincident terms in (153) have the same automor- 
phisms. Then 

Ev(v f V fi ) = E^(p(v gj ,^)-p(v^,j^)-p(v^,j^)) 

+ Y,^piy vk(BVk \j yk(BVkT ). (155) 

Choose positive-definite inner products {h yk } on {V fc } and define jV k ® vkT 
as in (148). We have 

dp{V w , J H3 , J G ' © J p ) = -p{ V & , J & ) + p( V Hi , J w ) - p{V p , J p ) (156) 
and 

dp(y yk(BVk \ jf eVkT , j vk ® vkT ) = - p (yv k ®v k \ jv^v^y (157) 
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From (154), (155), (156) and (157), we have that 

i j 

+ E Ik p(y yk(syk \ Jf® yk \ jV k ®v kT ) (158) 

k 

lies in R even (B; R). Then in lJ(M), we have 
E^PV^V)] = a(r)+E"»i([(^^.0)] 

» 3 

-[{H\ J Hj ,p(V Hj , J H \ J G3 © J 1 '))] + [(P, ^,0)]) 

+ E ([(^ fc © ^ J yfeel/feT , o)] - [(\/ fc © v kT , 
k 

jV k ®V kT ~(yV k ®V kT jV k ®V kT jV k ®V kT y^ 

= a(r). (159) 
The proposition follows. ■ 

Proposition 22 Define i : M — > [0, 1] x M fry io(m) = (0, to) and %\ : 
M -> [0,1] x M byiiim) = (1,to). Then for anyle lj([0, 1] x M), one has 

Pf. : The proof is similar to that of Proposition 4. We omit the details. 



Corollary 6 Let Z be a smooth connected manifold. Given a smooth map 
<p : Z — > M and an element I G L € (M), the pullback <p*l G L e (Z) only 
depends on the (smooth) homotopy class of (p. 

Corollary 7 If f : M — > M' is a (smooth) homotopy equivalence then it 
induces an isomorphism f* : L° t (M') — > L e (M). 

We now show how to detect elements of T? e (M) by real- valued eta- invariants. 
Let Z be a connected closed oriented n-dimensional smooth manifold. Let 
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g TZ be a Riemannian metric on Z and let V TZ be the Levi-Civita connection 
on TZ. Consider the real vector space of smooth differential forms Q(Z). Let 
* denote the Hodge duality operator on Q(Z). Let (•, -)z be the nondegen- 
erate bilinear form on Q(Z) such that for e G Q l (Z) and e' G Vt n ~ l (Z), 

(e,e') z = (-l) iS ^ 1 [ eAe'. (160) 



z 



Define J z G Aut(ft(Z)) so that for e G fi^Z), 

J z (e) = (-l)^*e. (161) 
Let < •, • >z be the standard inner product on £l(Z), namely 

< e,e' > z = J z eA *e'. (162) 
Let oP be exterior differentiation on Q(Z) and let (d z ^j be its formal adjoint. 



n(n— 1) 



Lemma 5 Pu£ e n = (—1) 2 . T/ien 

a. (•, -)z is e n - symmetric. 

b. (J z ) 2 = e n . 

c. (J z e,J z e') z = (e,e') z . 

d. < e, e' > z = (e, J z e') z . 

e. (d z f = -(j z )~ 1 d z J z . 

Pf. : Parts a.-d. follow from a straightforward calculation. To prove the 
last part, if e G Vt\Z) and e' G fi m (Z) then 

< e, (d z Y e > z = < d z e,e > z = (d z e,J z e') z 

= (_i)^ jT d z eAjV = _ ( _ 1) i^ J^ eAd ZjZ e , 

= - (e, d z J z e') z = -<e, (j 2 )' 1 d z J z e' > z . (163) 
The lemma follows. ■ 

Let £ = (E 1 , J £ , p) be an L°(Z)-generator. Consider the real vector space 
Q(Z;E). Put 

(;-)z,e = (;-)ci(z)®c°°(z)(;-)e, J Z ' E = J z ®c~{z) J E ■ (164) 
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Then (•, -)z,e is ee n -symmetric and ( y J z,E ^j = ee n . Put 

<e,e' >z, E = (e,J z > E e') z , E (165) 

Let d z ' E be exterior differentiation on il(Z; E) using the flat connection V E 
on E. Then the formal adjoint (d z ' E ) satisfies 



(d z ' E ) T = - (j z > e ) 1 d z > E J z ' E . (lee) 

We assume for the rest of this subsection that n is odd and ee n = —1, i.e. 
n = — e (mod 4). 

Definition 25 The operator D on Q(Z; E) is given by 

D = J Z,E d Z,E + d Z,EjZ,E_ (167) 

Proposition 23 The operator D is a real self-adjoint elliptic operator which 
commutes with J Z ' E and satisfies 

D 2 = (d z > E ) T d z > E + d z > E (d z ' E ) T . (168) 
Its kernel is isomorphic to H*(Z; E). 

Pf. : It is easy to see that D commutes with J Z ' E . Its adjoint is given by 
D T = (d z > E ) T (J Z > E ) T + (J Z > E ) T (d z > E ) T 

= \-j z > E d z ' E {j z ' E y l ) (-j z ' e ) 

+ (_J^) (_jZ,E d Z,E(jZ,Eylj 
= jZ,E d Z,E + d Z,EjZ,E^ (16Q) 

Finally, 

D 2 = J z ' E d z ' E J z > E d z ' E + d z ' E J z > E d z ' E J z ' E 

= (d z > E f d z > E + d z > E (d z > E f . (170) 

Thus D is elliptic. As Ker(L> 2 ) = R*(Z; E), the proposition follows. ■ 

In particular, dim(Ker(D)) is independent of g TZ and J E . 
Let rj(D) e R be the eta-invariant of Atiyah-Patodi-Singer [2]. Let 
L(TZ,V TZ ) e Q 4 *(Z) be the Hirzebruch signature integrand. 
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Definition 26 Put r](£) = \ r)(D) - J z L(TZ, V TZ ) A p. 

Proposition 24 There is an extension of r)(£) to a linear map rj : L®(Z) — > 
R. 

Pf. : We must show that i] vanishes on the L°(Z)-relations. First, given an 
L°(Z)-relation as in (150), we must show that 

X - rj(D 2 ) - X - 77(A) - X - rj(D 3 ) = j^TZ, V TZ ) A p (v E \ J E \ J E ' © J E ") . 

(171) 

Equivalently, if (E, V £ , (•, •)) is a generator of L®(Z) and J-f, J E are two 
choices of J E , let D\ and D 2 be the corresponding self-adjoint operators. 
Then we must show that 

\ v( D i) ~ \ V{D 2 ) = J z L(TZ,V TZ )Ap(V E ,J E ,J 2 E ). (172) 

Let s G [0, 1] parametrize a smooth family of automorphisms J E {s) of E 
such that J E {0) = J E , J E {1) = J E and J E (s) is constant near the endpoints 
of [0, 1]. Put Z = [0, 1] x Z. Let g TZ be the product metric on Z. Let 7r : 
Z — > Z be projection onto the second factor. Put = ir*E and V s = tt*'V e . 
We obtain an automorphism J E of E by piecing together the J £ (s)'s. Define 
the operator 

D = d z ' E + (d z ' E Y (173) 

on Z, with the Atiyah-Patodi-Singer boundary conditions [2]. Then D anti- 
commutes with J E and we can talk about its index. From the Atiyah-Patodi- 
Singer index theorem [2], 

md(D) = jC char, form (g TZ , J E ) - Q r ] (D 1 ) - X - r)(D 2 fj , (174) 

where char, form (g TZ , J E ) is the characteristic form of the operator D. To 
compute this form, let {ej}™^ 1 be a local oriented orthonormal basis of TZ. 
Using the Riemannian metric, we can identify TZ and its dual. If V is a 
vector on Z, put 

c(V) = (VA)-i v , 

c(V) = (VA)+i v . (175) 
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Then locally, 

n+1 



D = E ( ( e i A ) V S - iej (V 
J'=l 
n+1 



e,' 



= E^(M)-g(vJ + (v^ 
J=l z v 

+ E^(M) + g (v--(v^) 

n+1 , ~ 1 ~ ~ \ 

= E (<te) Vj'- - - c(e,) ^(V E , J E )J . (176) 



We can now use the Getzler rescaling to compute the index density [5], in 
which 

Cj -» c,-. (177) 

The result is 

char, form (^ t2 , J £ ) = L(TZ, V T? ) A p(V £ , J E ). (178) 

In order to compute ind(D), one can homotop to J E {s) being constant 
in s, in which case one can check that ind(-D) = 0. Then (174) becomes 

ln{D x )-\ri{D 2 ) = J„L(TZ,V T ')Ap(V E ,J E ) 

= J z L(TZ,V TZ )Ap(v E ,J E ,J 2 E ). (179) 

Next, supppose that we have a L°(Z)-relation V@V T = (V®V T , J^® yT , 0). 
Then with respect to the splitting V © V T ', the operator D anticommutes 

with the matrix ^ ^ ^ ^ . It follows that the spectrum of D is symmetric 

around the origin and so r](D) = 0. 
The proposition follows. ■ 
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Proposition 25 The restriction of rj : L®(Z) — > R to L e (Z) is independent 
ofg TZ . 

Pf. : Let Qi Z and g\ z be two Riemannian metrics on Z. Let = 
{(E J , J EJ ,pi)} be a finite set of L°(Z)-generators. If J2j n j & lies m L° e (Z) 
then 

Y,n 3 p(y E \J E3 ) = Y,n ] d Pr (180) 

Let D[ and -D2 t» e t ne corresponding self-adjoint operators. Then we must 
show that 

Q^i) - \< D *)) = J z {l(tz,vD-l(tz,v t 2 z ))^^. 

(181) 

Let Z, 7r, -E- 3 and V E3 be as in the proof of Proposition 24. Put J El = 
n*J EJ . Let s G [0,1] parametrize a smooth family of Riemannian metrics 
g TZ (s) on Z such that g TZ (0) = gJ z L g TZ (l) = gj z and g TZ {s) is constant 

near the endpoints of [0,1]. Put g TZ = ds 2 + g TZ (s), which is a product 
metric near the boundary. As in the proof of Proposition 24, we obtain 

I> = ^L(TZ,V TZ )A^n jP (V Ej ,J Ei ) 

= f L(TZ, V TZ ) A vr* ]T rij dp> 
Jz ■ 

= J„d {l(TZ, V tz ) A n 3 n V j (182) 

= / (L(TZ,VD-^(TZ,Vr))AE^P J - 
The proposition follows. ■ 



Corollary 8 Given e = ±1, let Z be a connected closed oriented n- dimensional 
smooth manifold with n = — e (rood Lei M be a smooth connected man- 
ifold and let [Z,M] denote the (smooth) homotopy classes of maps from Z 
to M. Then there is a well-defined pairing [Z,M] x L° t (M) R given by 
(&J)-iM*J). 
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Pf. : This follows from Corollary 6 and Proposition 25. 



For an important special case, let E be a flat real vector bundle on M 
with holonomy in 0{m) x 0{m) (or U{m)). Let J E be the covariantly- 



plex structure). Define / G L e (M) by I = [(E, J E , 0)]. Then r)((/)*l) is the 
rho-invariant of the tangential signature operator, as considered in [2]. In 
this case the (mod Z) reduction of the pairing (0, 1) — > r)((f)*l) has a simple 
topological description. Namely, the signature operator of Z determines a 
class [<Jz] ^ K-i(Z)- We can push it forward to 0*([oz]) G K_i(M). There 
is a forgetful map / taking I to f(l) G K _1 (M] R/Z), where the latter is as 
defined in [22]. Then the (mod Z) reduction of r)(4>*l) comes from the pairing 



applied to 0*([oz]) and f(l) [22]. In particular, the (mod Z) reduction is 
a cobordism invariant of <fi. One can see in examples that the unreduced 
pairing (0, /) — >• fj(4>*l) is not a cobordism invariant of <fi. We do not know of 
a simple topological description of the unreduced pairing. 

3.4 Number Operators 

We use the notation of Subsection 3.2. 

Definition 27 The triple (E, (•, -) E , J E ) is Z-graded if 

• The vector bundle E is Z-graded as E = 0™ =o i? J 7 with the number 
operator N G End(E) acting on E l as multiplication by i. 

• If e e E l and e' G E % ' with i + il ^ n then (e, e') E = 0. 

• J E E l = E n ~\ 

A flat pair (A, X) is of degree 1 if we can write 



where A[ is a connection on E which preserves the Z-grading and A', G 




X_i(M) x K~\M; R/Z) -> R/Z, 



(183) 



A - X = A' = A 'j 



(184) 



QP(M] E.om(E' } E' +1 -i)) for j ^ 1. 
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Warning : The Z 2 -grading on Eq given by ~^J E does not come from the 
Z-grading on E given by N. The only compatibility between the two is that 



J E (N-^) + (N-^)J E = 0, (185) 

showing that N — | is an odd operator. 

In the rest of this subsection, we assume that (E, (•, -) E) J E ) is Z-graded 
and that (A, X) is a flat pair of degree 1. Recall the definition of A' and A" 
from (112). 

Proposition 26 With respect to the Z-grading on E coming from N, A' and 
A" are flat superconnections , with A' being of total degree 1 in the sense of 
Definition J±l. 

Pf. : The flatness of (A, X) is equivalent to 

= A 2 + (Xa) 2 , 

= AXa + XaA. (186) 
As in the proof of Proposition 16, write 

A = J2A„ X = J2X 3 (187) 

i>o j>o 

and 

r r 

With respect to the Z 2 -grading coming from J E , we obtain 
= A 2 + (Xa) 2 

= ^ if^j,r Aj jT LO kyS A kyS + Wj,r X j,r 

a to kyS X kyS a) 

j,k,r,s 

= J! {^3< r A?> U k,s A kyS + ( — l) k UJj, r X j>r UJ kyS X kyS ^j 
j,k,r,s 

= ]T (-l)^'- 1 ) u hr A u kyS (A hr A k , a + X hr X kyS ) . (189) 

j,k,r,s 
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Similarly, 

= AXa + XaA 



X! (vj >r Aj t1 . u kyS X kyS a + u}j >r Xj >r a u kyS A kyS ) 

j,k,r,s 

(wj, r Aj^ r UJ kyS X kyS + ( — l) k LOj^r Xj >r UJ kyS A kyS ^j 0" 

j,k,r,s 

Ujtr A UKs (^. r x kyS + X i>r A kyS ) a 

j,k,r,s 



(190) 



Thus 



= E ^, r A w fc)S (^, r ± X j)r ) (A M ± X k>s ). (191) 

On the other hand, with respect to the Z 2 -grading coming from N, this 
implies 

= E U 3,r (Aj,r ± Xj tr ) LU kyS (A kyS ± X kyS ) 
j,k,r,s 

= (A±Xf. (192) 

Thus A' and A" are flat superconnections. It is clear that A' is of total degree 
1. ■ 

Let us write v = A' and V B = A[. The flatness of A' implies that 
d 2 = \7 E v = 0. Thus we have a cochain complex of vector bundles 

{E,v) E° ^ E 1 ^ ■■■ ^ E n ^0 (193) 

whose differential v is covariantly constant with respect to V E . 

Definition 28 Form e M, let H(E,v) m = ^ =0 B. i (E,v) m be the cohomol- 
ogy of the complex (E,v) m . 

As in [9, Section 2a], there is a Z-graded vector bundle H(E,v) on 
M whose fiber over m G M is H(E,v) m . Furthermore, there is a natu- 
ral flat connection on H(E,v) which can be described as follows. Let 
if) : Ker(f) — > H(E,v) be the quotient map. Let s be a smooth section of 
H(E,v). Let e be a smooth section of Ker(f) such that ip(e) = s. Then if U 
is a vector field on M, 

V£s = ^(v£e). (194) 
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Definition 29 Given smooth sections s and s' of H(E,v), choose smooth 
sections e and e' of Ker(i>) such that if)(e) = s and ip(e') = s' . Define a 
bilinear form (•,•)# on H(E,v) by 

(s,s') H = (e,e') E . (195) 

We now assume that (A,X) is (•, -^-compatible. 

Proposition 27 The form (•, is well-defined. It is covariantly- constant 
with respect to V H . 

Pf. : It follows from (111) that if e, e' G C°°(M; E) then 

= (ve,e) + (e,ve). (196) 

Suppose that e\ and e 2 are smooth sections of Ker(t> ) such that ip{e\) = ipfa). 
Then ei — e 2 can be written as v(f) for some smooth section / of H(E,v). 
Thus 

(ei, e% - (e 2 , e') B = e') E = -(/, V ( e ')) B = 0, (197) 

showing that (•, -) H is well-defined. Furthermore, it follows from (111) that 
if U is a vector field on M and e, e' G C°°(M; f?) then 

C/(e, e') E = (V§e, e') E + (e, V^e') £ . (198) 

If s and s' are smooth sections of H(E,v) and e, e' are as above then 

U(s, s') H = U(e, e') E = (V§e, e') E + (e, V§e') E = (V§s, s') H + (s, V$s') H . 

(199) 

The proposition follows. ■ 

We have that A% = \ (vv* + v*v). By Hodge theory, H(E,v) = Ker(Ag). 
Also, J E commutes with Aq. 

Definition 30 Let J H be the restriction of J E to Ker(^Q) . Define an inner 
product on H(E,v) by < s, s' >h = (s, J H s')h- 

It is clear that (J H ) 2 = e, (s,s')h = (J H s, J h s')h and that < •, • >h is 
positive-definite. In particular, it follows that (•,•)# is nondegenerate and so 
the triple (H(E, v ), V H , (•, -)h) defines a flat duality bundle. 
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We now introduce a rescaling of J E . Let us denote J E by J E (l) and for 
t E R+ put J E {t) = J E (1) t N ~%. Then 

(j E (t)) 2 = J E (1) t N ~% J E (1) t N ~% = J E (1) J E (1) r N+ ^ t N '% = e. (200) 

Fixing A', let A t and X t be the odd and even parts of A' with respect to 
J E (t). Put 

C t = t N ' 2 A t t~ N '\ 

A = t N ' 2 x t r N ' 2 . (201) 

Then one can check that the superconnection C t is symmetric with respect 
to J E (l). Explicitly, 

i-j 



C t = Et—A,,, 

j>0 

A = £^x lir 

i>o 



(202) 



One has 



1 



p(A',J E (t)) = -^0tr J E {t)e~ A * 



-^0tr [j E (l)^-f e- A ? 



1 
1 

i 

^0tr 



-A? 



0tr t~~+4 J E (l) t~-4 e" 
0tr J B (l)tT-4 e -A r~+- 



J E (1) e 



(203) 



From Proposition 18, 

|pL4',J*(0) = 



H (2mrl/2 ^ 0tr 



j^(t) 



n 

N--,X t 
2 



= d (2i7r)- 



-1/2 



2t>/e 
1 



0tr J £ (t)[iV,Xt]e- 



d f (2m)- 1 / 2 ^= tr [J E (1) [N, D t \ e 



-A? 



-C? 



(204) 
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Definition 31 Define fj(t) G fi 4 *" e (M) by 

1 

2Ve 



rj(t) = (2m)- 1 / 2 — l — tr \j E (l) [N, D t \ e~ c ?} (205) 



From (204), 

lp(A',J E (t)) = drj(t)- (206) 
Proposition 28 As t — > oo ; 

P (A',j s (t)) = p^.j^ + or 1 / 2 ), 

jj(t) = 0(r 3 / 2 ). (207) 
Pf. : The proof is similar to that of [9, Theorem 2.13]. We omit the details. 



Corollary 9 As elements of H 4 * +1 ~ e (M; R), 

p(A')=p(y H ). (208) 
Pf. : This follows from (206) and Proposition 28. ■ 

Now consider the special case in which A'- = for j > 1. That is, the 
differential v is covariantly-constant with respect to a flat connection V E . 

Proposition 29 As t — > 0, 

P (A',j s (t)) = p(vV E ) + o(0, 

V(t) = 0(1). (209) 

Pf. : In this case, we have 

C t = ^(v* + v) + V E > u , 
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Using the fact that p(A' , J (£)) is an even form and expanding in t, we find 



p(A',J E (t)) = 40tr[j^(l)e^ 2 



(j> tr 



J s (l)e-( vE '") 2 



= p(V E ,J E ) + 0(t). 



+ 0(t) 



Similarly, 



fj(t) = (2m)- 1 / 2 

= (2m)- 1 / 2 
= 0(1). 
The proposition follows. 



1 



2ty/e 
1 



tr 



tr 



-c? 



J E (l)[N,D t ]e 



J E (l)[N,v* -v] e 



-c? 



(211) 



(212) 



Definition 32 Define fj E fi 4 *~ e (M) by 

roo 

fj=- fj(t)dt. (213) 
Jo 

By Propositions 28 and 29, fj is well-defined and satisfies 

dfj = p (V E , J E ) - p (y H , J H ) . (214) 
The eta-form fj is a special case of that defined in [7, Section 2] . 

3.5 Fiber Bundles 

Let Z — > M ^> _B be a smooth fiber bundle with connected base -B and 
connected closed fibers Z b = ^^(b) of dimension n. Let TZ be the vertical 
tangent bundle of the fiber bundle and let T*Z be its dual bundle. We assume 
that TZ is oriented. Let L(TZ) E H 4 *(M) be the Hirzebruch L-class of TZ. 

Equip the fiber bundle with a horizontal distribution T H M. Let fl(Z) 
denote the infinite-dimensional real vector bundle on B whose fiber over 
b E B is isomorphic to VL (Z b ). Then 



C°°{B- Q(Z)) ~ C°°(M; A (T*Z)) 



(215) 
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and there is an isomorphism of real vector spaces 

(M) ~ Q (B; £l(Z)) . (216) 

Define a nondegenerate e n -symmetric bilinear form (•, -)z on Vt{Z) as in (160). 
Let N be the number operator of Vt{Z); it acts as multiplication by j on 
C°°(M; A j (T*Z)). 

Let g TZ be a vertical Riemannian metric on the fiber bundle. For no- 
tation, we let lower case Greek indices refer to horizontal directions, lower 
case Roman indices refer to vertical directions and upper case Roman in- 
dices refer to either. We let {r J } denote a local basis of 1-forms on M, with 
dual basis {ej} of tangent vectors. We will always take {ej}™ =1 to be an 
oriented orthonormal framing of TZ. We will assume that the forms {r a } 
are pulled back from a local basis of 1-forms on B, which we will also denote 
by {t q }- Exterior multiplication by a form will be denoted by 0A and 
interior multiplication by a vector v will be denoted by i v . Using the hori- 
zontal distribution and vertical Riemannian metric, we can identify vertical 
vectors and vertical 1-forms. Exterior multiplication by r J will be denoted 
by E J and interior multiplication by ej will be denoted by I J . We have that 
E j I k + I k E j = 5 jk . If X is a vertical vector (or 1-form), put 

c(X) = (XA)-i x , 

c(X) = {XA)+i x . (217) 

Put c l = c(ej) and <? = c(ej). 

In calculations we will sometimes assume that B has a Riemannian metric 
g TB and M has the Riemannian metric g™ = g TZ © n*g TB , although all 
final results will be independent of g TB . Let V™ denote the corresponding 
Levi-Civita connection on M and put V TZ = p TZ V™, a connection on TZ. 
As shown in [6, Theorem 1.9], V TZ is independent of the choice of g TB . The 
restriction of V TZ to a fiber coincides with the Levi-Civita connection of the 
fiber. We will also denote by V TZ the extension to a connection on A (T*Z). 

We will use the Einstein summation convention freely, and write 

wijk = r'(V™ ej ). (218) 

As there is a vertical metric, we may raise and lower vertical indices freely. 

The fundamental geometric tensors of the fiber bundle are its curvature, 
a TZ-valued horizontal 2-form on M, and the second fundamental form of 
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the fibers, a (T H M) *-valued vertical symmetric form on M. The curvature 
2-form T is given in terms of the local framing by 

Tj = - uo aPj r a A r p . (219) 

Define a horizontal 1-form k on M by 

k = cu jaj T a , (220) 

the mean curvature 1-form to the fibers. 

Define J z E Aut(Q(Z)) as in (161). Then (tt(Z), (•, -)z, </ Z ) is Z-graded 
by the number operator N. Let <i M be exterior differentiation on Q(M). Let 
(rf M ) be its adjoint, as considered in [9, Proposition 3.7]. Put 

A Z = \ ((d M ) T + d»), 

X Z = \ [(d M ) T -d M ). (221) 

Proposition 30 One has that A z is a J z -superconnection and (A Z ,X Z ) is 
a flat duality superconnection of degree 1 . 

Pf. : From [9], we have 

d M = d z + V n ^+i T , 
(d M ) T = (d z ) T +(v n ^) T -TA, (222) 



where in terms of the local framing, 



d z 


= &vl z , 


yO(Z) 


= E a (vjf - Uajk E?I' 


i T 


= -uj a ^E a E^P, 




= -i'v™ 


(v n(z) ) T 


= E a (Vjf - u ajk PE 


TA 


= — uj al 3 j E a E (3 E j . 



(223) 
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One can check that 

(j z y l pj z = e\ 

{j z y X E a J z = E a . (224) 

It follows that A z is a J z -superconnection. 

As Az — Xz = d M and Az + Xz = (^ M ) are fl & t superconnections and 
A' is of total degree 1 with respect to the Z-grading coming from N, one 
can reverse the proof of Proposition 26 to show that (Az,Xz) is a flat pair. 
From (222), we see that (A Z ,X Z ) is of degree 1. It remains to show that 
(A Z ,X Z ) is (•, -^-compatible. From (113), this is equivalent to showing that 
for e,e' G C°°(B; Vt(Z)), 

= (d z e,e') z + (e,d z e') z , (225) 
d(e,e') z = (V^e,e')z+(e,V^ z V) z , (226) 
= (i T e,e')z + (e,t T e') z . (227) 

Equation (225) follows as in the proof of Lemma 5e. To see (226), recall 
that if U is a vector field on B then is Lie differentiation on M in the 

direction of the horizontal lift U H of U [9, Definition 3.2]. As the form (•, -)z 
is diffeomorphism-invariant, (226) follows. Finally, one can check that 

= (Pe,e') z -(e,Pe')z, (228) 

which implies (227). ■ 

Let [E, V e , (•, -)e^ be a flat e-symmetric duality bundle on M with an 
automorphism J E as before. Put W = Q(M; E). Put (•, -)w = (•, •)2 < 8c°°(s) 
{•■,•) Ei an ee„-symmetric nondegenerate bilinear form on W. Put J w = 

J z <3 C °°(B) J E - Let d M > E be exterior differentiation on W and let (d M ' E ^j be 
its adjoint. Put 



X = l - ((d M > E ) T - d M ^. (229) 
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As in Proposition 30, A is a J^-superconnection and (A, X) is a flat duality 
super connect ion of degree 1. Let H(Z;E\ Z ) denote the real vector bundle 
on B whose fiber over b G B is isomorphic to H(Z b ; E\ z ). As in Subsection 
3.4, we obtain a flat connection on H(Z; E\ z ), a covariantly- const ant 
ee n -symmetric nondegenerate bilinear form (•,•)# on H(Z;E\ Z ) and an au- 
tomorphism J H G Aut(H(Z;E\ z )). 

Define the J^-superconnection C t and D t G Q(B; End(W)) as in (201). 
Explicitly, 

C t = ^^(d z ' E f + d z ' E ^+V w ' u -^=c(T), (230) 

A = | ((/'f - ^'j + + o; a (V £ , /)) - ^ c(T). 

Remark 5 : If J E is covariantly-constant with respect to V E then C& is 
the same as the Bismut superconnection of the twisted vertical signature op- 
erator [6, 5]. 

Define p(A', J w (t)) G Q 4 * +1 - e (B; R) and fj(t) G tt 4 *~ e {B; R) by 



p(A',J w (t)) = -^0tr 



17(f) = (2m)- 1 / 2 — 0tr[j^A]e-^ 2 ]. (231) 

Let L (TZ, V tz ) G fi 4 *(M) denote the Hirzebruch L-form of the connection 
W TZ . 

Proposition 31 The form p(A', J w (t)) is closed. Its de Rham cohomology 
class p( A') G H 4 * +1_e (_B; R) is independent oft G R + . Furthermore, 

^p(A',J E (t)) = dfj(t)- (232) 

As t — > oo ; 

P (A',j w (t)) = p{v H ,J H ) + o{r 1 ' 2 ), 

fj(t) = 0(r 3/2 ). (233) 
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As t -> 0, 

p(a',j w (0) = J z l(tz,v tz ) A P (V E ,J E ) + 0(f), 

77(f) = 0(1). (234) 

Pf. : The proofs are similar to those of the analogous statements in [6, 7, 5]. 
We omit the details. ■ 

Corollary 10 As elements ofR 4 * +1 - £ (B;R), 

p(V H ) = J z L{TZ)Up{V E ). (235) 

Definition 33 Define r) (t h M, g TZ , J E ) ett A *~ e (B) by 

/ \ /"CO 

rj(T H M,g TZ ,J E ) = - rj(t)dt. (236) 

J 

By Proposition 31, fj is well-defined and satisfies 

drt (T H M, g TZ , J E )= f L (TZ, V tz ) A p{V E , J E ) - p (V H , J H ) . (237) 

If J E is covariantly-constant with respect to V E then fj (T H M, g TZ , J £ ) is 
the same as the eta-form of [7] for the twisted vertical signature operator. 

3.6 Analytic Pushforward of L-Groups 

Let Z — > M A 5 be a fiber bundle as in Subsection 3.5. We assume that n 
is even. Then if e = ±1, ee n = e + n (mod 4). 

Definition 34 The pushforward in real cohomology, denoted m : H 4 * +J (M;R) 
H 4 * +J '- n (£;R), (/wen &y 



7r,(r) = / L(TZ) Ur. (238) 
Jz 
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Definition 35 The pushforward in U\, denoted n\ : L° e (M) — > L° een (B), is 
generated by 



7T, ([{E, V e , •)*)]) = [(^ (Z; £| z ), V fl , •)*) 



(239) 



To see that tt\ is well-defined on L°(M), suppose first that we are given a 
short exact sequence (142) on M. Using the fact that it splits, we obtain a 
short exact sequence 



— > H 1 



Ti 



where W = [H{Z- E%), V h ^ e %\ (•, Oh ( z^|,) 
L°(M)-relation of the form £ = V © V T then 



0, (240) 
. Next, if we have an 



H(Z;E\ Z 



z) ' 

T 



= H(Z;V\ Z )®H(Z;V 
v h{Z;e\ z) = V H{z-y\ z ) (^jH{z-y\ z )y ? 

('' '">H(Z;E\ Z ) = ('>'^H(Z;V\ Z )(BH(Z;V\ Z )T- 

It follows that 7Ti is well-defined. 

It follows from Corollary 10 that there is a commutative diagram 

L° e (M) ±> H 4 * +1 - e (M;R) 

71"! I TTll 

^(*) ^ H 4 * +1 — (B;R). 



(241) 



(242) 



Pick a horizontal distribution T H M and a vertical Riemannian metric 



g on the fiber bundle. 

Definition 36 The pushforward in L° t , denoted tt\ : L° t (M) — > L® tn (B), is 
generated by 



7T! 



E,J E ,p 



H(Z;E\ Z ),J H , I L(TZ,V TZ )Ap-v(T H M,g TZ ,J E ) 

(243) 



Proposition 32 The pushforward in L° e is well-defined. 
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Pf. : First, suppose that we have an L°(M)-relation as in (150). For 
j G {1,2,3}, put rp = fj (T H M, g TZ , J EJ ). Define a G Q 4 *- £ (B)/im(d) by 



(244) 



-/ l(tz,v tz ) ap(v e2 ,j e \j e1 ®j e3 ) 



Then we must show that a = 0. If J e2 = J El © J Ei then we are in a 
direct sum situation and a — 0. Thus it suffices to show that if Jf is a 
smooth 1-parameter family of J E 's then da/ds = 0. Equivalently, it suffices 
to show that if V £ , (•, -)s) is an L° e (M) -generator and Jf is a smooth 
1-parameter family of J E, s parameterized by s G [0, 1] then 



dr)(T H M,g TZ ,J E ) 



ds 



L [TZ, V 



A 



(2wr) 



-1/2 



(2ivr) 



4^ 

-1/2 _ 



tr 



4^ 



tr 



J 



ds 



H\-l UJ 



4 

e * 



9s 



e 4 



(245) 



by (H,V H , 



Define M,B, T M and g as in the proof of Lemma 1. Put E = t^mE, 
V E = 7r^V E and (•, -)g = ir* M (-, -) E . We abbreviate 

Then 

H,V S : (. : .)^=n* B (H,V H ,(;-) H ). (246) 

Define J £ G Aut(£") so that its restriction to {s} x M is Jf . 

The exterior differentiation on B is given by (36). Consider the eta- form 
v(T H M,g TZ ,J E ) G n^(B). By (237), 

drj (t h M, 



9 TZ , Jf 



L TZ, V 1Z A p(V E , J E ) -p(V H ,J H ). (247) 
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By construction, 

L (TZ, V t ^) = n* M L (TZ, V tz ) . (248) 

Equations (36) and (247) give that modulo im(cf), 

g = j z L (TZ, V TZ ) A i dsP (v* J~ E ) - i B .p (V, J S ) . (249) 

Equation (245) now follows. 

Next, supppose that we have a L°(M)-relation V®V T = (VW T , J Vey , 0). 
Then with respect to the splitting 

W = Q(M; V) ®n(M;V T ), (250) 

one can see that J w [N, D t ] e _c * is off-diagonal. Thus rj (t h M, g TZ , J yeyT ) 
vanishes. Furthermore, it follows from Definition 30 that 

jH ( Z;E\ z ) = jfHi»U (251) 

Thus 7Tl is an L° £n (i?)-relation. The proposition follows. ■ 

Proposition 33 The pushforward in L° e restricts to a pushforward 

7r,:Z°(M)->Z^(5). (252) 
Pf. : It is enough to show that there is a commutative diagram 

L°(M) 4 n 4 * +1 ~ e (M) 

71"! I 71"! I 

L° en (5) 4 n 4 * +1 - e - n (B). (253) 
This follows from (237). ■ 



Proposition 34 The pushforward in L? e is independent of the choices of 
T H M and g TZ . 
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Pf. : We use the notation of the proof of Proposition 9. Given a finite set 
of generators S j = (e\ J E \ p j ) in L°(M), put = n* M £ j . If Ej n, [£ j \ lies 

-Hi. " 



in TJ(M) then E,™j £J lies in L°(M) and 



(254) 



lies in L etn (B). By construction, is the pushforward of J2j n j[£ j ] using 
{T H M, g TZ ) and ijfis the pushforward of Ej nj[S j ] using {T' H M, g' TZ ). The 
proposition now follows from Proposition 22. ■ 



A Results from [9] 

In this appendix we describe results from [9] on flat complex vector bundles 
and their direct images. 

A.l Characteristic Classes of Flat Complex Vector 
Bundles 

Let B be a smooth connected compact manifold. If E is a complex vector 
bundle over B, we let C°°(B;E) denote the smooth sections of E. We let 
A(T*B) denote the complexified exterior bundle of B and Q(B) denote the 
smooth sections of A(T*B). We put Q(B;E) = C°°(B; A(T*B) ® E). We 
say that a differential form is real if it can be written with real coefficients. 

Let 4> : Vl (B) — > VL (B) be the linear map such that for all homogeneous 
lu e £l(B), 

cu = (2m)- (dcgw)/ V (255) 

Let E be a complex vector bundle on B, endowed with a flat connection 
V E . Let h E be a positive-definite Hermitian metric on E. We do not require 
that W E be compatible with h E . Define u(V E , h E ) E tt^B; End(f?)) by 

u;(V E , h E ) = (h E )-\V E h E ). (256) 

With respect to a locally-defined covariantly-constant basis of E, h E is locally 
a Hermitian matrix-valued function on B and we can write u>(V E , h E ) more 
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simply as 



u(y E ,h E ) = (h E )- 1 dh E . 



(257) 



Definition 37 For k a positive odd integer, define Cfc(V , h ) G Q (B) by 



c k (V E , h E ) = (2in)~ V 2~ k Tr [uj k (V E , h E ) 
Let c{V E , h E ) G VL odd (B) be the formal sum 

OO 1 

C (v E ,h E )=j:±c 23+1 (v E ,h E ). 

3=0 J' 



(258) 



(259) 



Proposition 35 [9] The form c k (V E , h E ) is real and closed. Its de Rham 
cohomology class is independent of h E . 

Definition 38 We will denote the de Rham cohomology class of c k (V E , h E ) 
by CkiV E ) G H fc (£>;R) and the de Rham cohomology class of c(V E ,h E ) by 
c(V E ) G R odd (B;R). 

The classes Ck(V E ) are the characteristic classes (of flat vector bundles) 
which are of interest to us. A more topological description of them can be 
given as follows. Let V be a finite-dimensional complex vector space. Let 
H*(GL(V); R) denote the continuous group cohomology of GL(V), meaning 
the cohomology of the complex of Eilenberg-Maclane cochains on GL(V) 
which are continous in their arguments. Let GL(V)s denote GL(V) with 
the discrete topology and let BGL(V)s denote its classifying space. The 
cohomology group H*(BGL(V)s; R) is isomorphic to the (discrete) group 
cohomology B.*(GL{V); R). There is a forgetful map 

Hv : W C (GL{V)- R) -> R*(BGL(V) S ] R). (260) 

Fix a basepoint * G B. Put T = tti(B,*) and let h : B — > BY be the 
classifying map for the universal cover of B, defined up to homotopy. Let V 
be the fiber of E above *. The holonomy of E is a homomorphism r : Y — > 
GL(V), and induces a map Br : BY — > fiGL(V r ) ( 5. Then the flat bundle E 
is classified by the homotopy class of maps v = Br o h : B — > BGL(V)$. 
One can show that there is a class c^y G H fe (GL(V r ); R) such that Cjt(V B ) = 
^*(cfc,v) ; and a class C fe) y G H^(GL(V);R) such that c k y = Hv{C k y). For 
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example, C\ y is given by the homomorphism g — > ln|det (p) | from GL(V) to 

(*•-)• 

Put G = GL(V) and K = U(V). Denote the Lie algebras of G and K by 
7 = gl{V) and k = u(V), respectively. The quotient space 7//C is isomorphic 
to the space of Hermitian endomorphisms of V, and carries an adjoint repre- 
sentation of K. One has that H*(GL(V); R) is isomorphic to H*(7, K; R), the 
cohomology of the complex C*(7, K; R) = Hom^ (A*(7//c), R) [11, Chapter 
IX, §5]. In fact, the differential of this complex vanishes, and so B* C (GL(V); R) 
C*(7,fT;R) [11, Chapter II, Corollary 3.2]. Thus the classes {c k (V E )} arise 
indirectly from i^-invariant forms on 7//C. It is possible to see the relation- 
ship between ct(V E ) and C fc (7, if;R) more directly [9, §lg]. In particular, 
for fc odd define a fc-form on j/k by sending Hermitian endomorphisms 
M u ...,M k to 

$ fc (Mi, . . . , M fc ) = Yl (-l) signW Tr [M CT(1) . . . M CT(fc) ] . (261) 

Then is an element of C fc (7, K; R) which, up to an overall multiplicative 
constant, corresponds to C^y- 

The compact dual of the symmetric space G/K is G d /K, where G d = 
U(V) x U(V). Let 7 d = ®u(V) be the Lie algebra of G d . Duality gives 
an isomorphism between H*(7, K;R) and H*(7 d ,lf;R) = E*(U(V);'R) = 

A(x±, X3, ^2dim(y)-i)- If follows that the classes {C^-iy}^™^ are alge- 
braically independent. 



A. 2 The Superconnection Formalism 

For background information on superconnections we refer to [6, 5, 30]. Let 
E = E + © E- be a Z 2 -graded finite-dimensional complex vector bundle on 

B. Let t be the involution of E defining the Z2-grading, so that r\ E = 
±1. Then End(E) is a Z2-graded bundle of algebras over B, whose even 
(resp. odd) elements commute (resp. anticommute) with r. Given a G 
C°°(.B; End(£)), we define its supertrace Tr s [a] € C°°(B) by 

Tr s [a] = Tr [ra]. (262) 

Given wG(l(B) and a e C°°(B; End(S)), put 

Tr s [cj -a] = uTr s [a]. (263) 
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Then Tr s extends to a linear map from Q (B; End(i?)) to Q (B). 

Given a, a' G ft (B; End(E)), we define their supercommutator [a, a'] G 
Q(B;End(E)) by 

[a, a'} = vol - (-1 ) (dcga)(dcga Va. (264) 

A basic fact is that Tr s vanishes on supercommutators [30]. 

Let V E be a connection on E which preserves the splitting E = E + ®E_. 
Then V E decomposes as V E = V E+ © V E ~ . Let S be an odd element of 
il (B; End(-E)). By definition, V E + S gives a superconnection A on E. That 
is, there is a C-linear map 

A : C°°(B; E) ^ Q (B; E) (265) 

which is odd with respect to the total Z2-gradings and satisfies the Leib- 
niz rule. We can extend A to an odd C-linear endomorphism of Q(B;E). 
By definition, the curvature of A is A 2 , an even C°°(-B)-linear endomor- 
phism of fl (B; E) which is given by multiplication by an even element of 
tt(B;End(E)). 

In what follows, we will say that a holomorphic function / : C — > C is 
real if for all a G C, we have f(a) = f(a). 

A. 3 Characteristic Classes and Torsion Forms of Flat 
Superconnections 

Definition 39 A superconnection A' on E is flat if its curvature vanishes, 
i.e. if A' 2 = 0. 

Hereafter we assume that A' is flat. Let h E be a Hermitian metric on E 
such that E + and E_ are orthogonal. Then there is a flat superconnection 
A'* on E which is the adjoint of A' with respect to h E . Define an odd element 
of Q(B;End(E)) by 

X = -(A'* - A'). (266) 
2 

Definition 40 Let f : C — > C be a holomorphic real odd function. Put 

f (A', h E ) = {2m) 1 ' 2 Tr s [f(X)} eSl(B). (267) 
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Proposition 36 [9] The differential form f \ A! ', h E j is real, odd and closed. 
Its de Rham cohomology class is independent of h E . 

We will denote the de Rham cohomology class of / (A!, h E ^j by / (A 1 ) e 
R odd (B; R). 

Suppose now that E = 0™ =o E % is a Z-graded complex vector bundle on 
B. Put 

E + = , £_ = £\ (268) 

2 euen i odd 

Then E = E + © E_ is a Z 2 -graded vector bundle, to which we may apply 
the above formalism. 

Let A' be a superconnection on E . We can expand A as 

A = J2A„ (269) 

i>o 

where Aj is of partial degree j with respect to the Z-grading on A (T*B). 

Definition 41 We say that A 1 is of total degree 1 if 

- A\ is a connection on E which preserves the Z-grading. 

- Forj e N- {1}, Aj is an element of Q j (B; Horn (E*, E' +1 ~ j )). 

In what follows, we will assume that A' is a flat superconnection of total 
degree 1. Put 

V = A' , V E = A\. (270) 
Clearly v G C°°{B\ Horn (E\ E' +1 )). The flatness of A' implies that 

v i = [v £ , v] = (y E ) 2 + [v, A' 2 ] = 0. (271) 

As v 2 = 0, we have a cochain complex of vector bundles 

(E, v) : — > E°-^E 1 -^ v —>E n — > 0. (272) 

Definition 42 For b E B, let H(E,v) b = ®™ =Q W{E,v) b be the cohomology 
of the complex (E,v)b- 
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Using (271), one can show that there a Z-graded complex vector bun- 
dle H(E,v) on B whose fiber over b G B is H(E,v)b, and a natural flat 
connection V ff(£ ' B) on H(E,v). 

Let /i B be a Hermitian metric on i£ such that the E iy s are mutually 
orthogonal. Put A" = A'*, the adjoint superconnection to A' with respect to 
h E . Let v* G C°°(B; Horn (£*, £* -1 )) be the adjoint of v with respect to h E . 
From finite-dimensional Hodge theory, there is an isomorphism 



Being a subbundle of E, the vector bundle Ker(v*v+vv*) inherits a Hermitian 
metric h Ker from the Hermitian metric h E on i?. Let h H< ^ E,v ^ denote the 
Hermitian metric on H(E,v) obtained from h Ker via the isomorphism (273). 

Let N G End(-E) be the number operator of E, i.e. iV acts on E l by 
multiplication by i. Extend iV to an element of C°°(B; End(E)). 

Definition 43 For t > 0, let C' t be the flat superconnection on E of total 
degree 1 given by 



H(E,v) = Ker(v*v + vv*). 



(273) 




(274) 



C" t = t' N ' 2 A 



f N/2 



(275) 



The superconnections C' t and C" are adjoint with respect to h E . We have 



^t (1 ^ )/2 A';. 



(276) 



Define an odd element of Q (B; End(E)) by 




(277) 



Definition 44 Define a real even differential form on B by 



r {C t ,h E )= 0Tr s [-r(A) 6fi(B). 



(278) 
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Proposition 37 [9] One has 

P (C t , h E ) = 1 dt (C t , h E ) . (279) 
Let d(H(E,v)) be the constant integer-valued function on B 

n 

d{H(E, v)) = £(-1)* i rk (H\E, vj) . (280) 

i=0 

Hereafter we take /(z) = z exp(z 2 ). 
Proposition 38 [9] As t — > +oo ; 

= d (^,t;))^ + 0^. (281) 

Now consider the special case when the vector bundle E has not only a 
flat superconnection, but has a flat connection. Let 

(E, v) : — > E° E 1 — ^ V -+E n ^ (282) 

be a flat complex of complex vector bundles. That is, 

n 

V £ = 0V Ei (283) 

i=0 

is a flat connection on £ = 0™=o an d f is a flat cochain map, meaning 

(V E ) 2 = , v 2 = ,[v E ,v]=0. (284) 
Take A' = v + V E . For i > 0, put 

C' t = Viv + V E , 

C" t = y/iv* + (y E )*. (285) 

Then C' t is a flat superconnection of total degree 1. Let d(E) be the constant 
integer-valued function on B given by 

n 

d(E)=^2(-l) i iik(E i ). (286) 

i=0 
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Proposition 39 [9] Ast^O, 

f (c{, h E ) 

r (c t , h E ) 



f(v E ,h E )+0(t), 
d(E)^P- + 0(t). 



(287) 



Proposition 40 [9] As elements of E odd (B;K), 

f (v £ ) = / (v H{E ' v) ) . (288) 

We now refine (40) to a statement about differential forms on B. 
Definition 45 Define a real even differential form on B by 

f- (C t ,h E )-d(H(E,v))f^± 

' dt 



T f (A>,h E ) 



- [d(E)-d(H(E,v))]t±JLJ 



(289) 



Remark 6 : By Propositions 38 and 39, the integrand in (289) is integrable. 
We will call Tf(A', h E ) a torsion form. 



Proposition 41 [9] One has 

dT f (A', h E ) = f (V, h E ) - f (yH(E,v)^H(E,v^ 

Proof : This follows from Propositions 37, 38 and 39. I 



(290) 



Upon passing to de Rham cohomology, Proposition 41 implies Proposition 
40. Up to an overall multiplicative constant, T (A', h E ) is the function which 
to a point b G B assigns the torsion of the cochain complex (E,v)b, in the 
sense of [27, 31]. 

We now relate the constructions of this subsection to those of Subsection 
A.l. As in Subsection A.l, let E be a complex vector bundle on B, endowed 
with a flat connection V E . We can consider E to be a Z2-graded vector 
bundle with E + = Eq and E_ = 0. Let h E be a Hermitian metric on E. 
Taking the flat superconnection A' to be V s , the X of (266) is given by 
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X = V 2 J . (291) 

From Definition 40, we have 

/ (v E , h E ) = c (v E , h E ) . (292) 

Suppose now that we have an exact sequence of flat complex vector bun- 
dles on B : 

— -^£ 2 ^...^ E n — >0. (293) 

Let V E ' be the flat connection on E l and let h E% be a positive-definite Her- 
mitian metric on E l . Then the Z-graded vector bundle E = (B™ =1 E % acquires 
a flat connection V E = ©" =1 V sl and a Hermitian metric h E = @™ = ih E \ Let 
A' be the flat superconnection on E given by A' = v + V £ . 

Definition 46 In this special case, define Tf(A',h E ) G Q even (B)/im(d) as 
in (289), taken modulo im(d). 

Then from equation (41), 

n 

dT f (A', h E ) = ]T(-l) l c(V s \ h El ). (294) 
i=i 

We can think of Tf{A', h E ) as an analog of the Bott-Chern class [12]. 
A. 4 Fiber Bundles 

Let Z — > M ^ B be a smooth fiber bundle with connected compact base 
5 and connected closed fibers Z b = 7r _1 (6). Let F be a flat complex vector 
bundle on M. Let H (Z;F\ Z ) denote the Z-graded complex vector bun- 
dle on B whose fiber over b e B is isomorphic to the cohomology group 
H*(Zb, F\ z ). It has a canonical flat connection 'SJ H ( z '< F \z^ which preserves 
the Z-grading. Let TZ be the vertical tangent bundle of the fiber bundle 
and let o(TZ) be its orientation bundle, a flat real line bundle on M. Let 
e(TZ) E H dim ( z )(M; o{TZ)) be the Euler class of TZ. Put f(z) = z exp (z 2 ). 

Proposition 42 [9] One has an equality in R odd (B;'R): 

f (v H(Z;F|z) ) = / e(TZ) U /(V F ). (295) 
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In fact, one can refine (295) to a statement about differential forms on B. 
First, equip the fiber bundle with a horizontal distribution T H M. Let W be 
the infinite-dimensional Z-graded vector bundle on B whose fiber over b G B 

is isomorphic to ( Z^, F 



. Then 

C°°(B; W) ~ C°°(M; A (T*Z) <g> F) (296) 

and there is an isomorphism of Z-graded vector spaces 

n(M;F) ~n(B;W) . (297) 

Let N be the number operator of W; it acts as multiplication by i on 
C°°(M; A i (T*Z) <g) F). 

The exterior differentiation operator d M , acting on Q(M;F), defines a 
flat superconnection on FT of total degree 1. In terms of the Z-grading on 
A (T*B), d M can be decomposed as 

d M = d z + V w + i T , (298) 

where d z is vertical exterior differentiation, V w is a natural connection on 
W which preserves the Z-grading and ir is interior multiplication by the 
curvature T of the fiber bundle, a TZ-valued horizontal 2-form on M. For 
t > 0, put 

= Vt d z + W W + ^ T i T . (299) 

Now equip the fiber bundle with a vertical Riemannian metric g TZ and 
the flat vector bundle F with a Hermitian metric h F . Then acquires 
an L 2 -inner product h w . There is a canonical metric-compatible connection 
V TZ on TZ [6, 5]. The vector bundle H (Z; F\ z ) acquires a Hermitian metric 
foHiz-^iz) f rom Hodge theory. Let C" be the adjoint superconnection to C' t 
with respect to h w . That is, 

C'l = Vt (d z )* + (V W Y -j(TA). (300) 
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Define D t , an odd element of Q (B; End(W)), by 



Dt = -{c;-c>). 

For t > 0, define a real odd differential form on B by 

f(C' t ,h w ) = (2iir) 1 '* 0Tr s [/(A)] 
and a real even differential form on B by 



r (c; ^) = Tr s 



TV 



Proposition 43 [9] For any t > 0, 

P {C' t , h w ) = \ air (C' t , h w ) . 

Put 

dim(Z) 

X '(Z;F)= £ (-l)^rk(H%Z;F\ z )), 

i=0 

an integer-valued constant function on B. 
Proposition 44 [9] Ast^O, 

f (C' t , h w ) = fe (TZ, V tz ) f (V F , h F ) + 0(t) if dim(Z) 

= O (Vt) if dim(Z) is odd, 

/ A (C' t , h w ) = J dim(Z)rk(F)x(^) + O(t) if dim(Z) is even, 

= (VF) ifdim(Z) is odd. 

As t — > +oo ; 
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Definition 47 The analytic torsion form T (T H M, g TZ , h F ^j , a real even 
differential form on B, is given by 



T (r H M, g TZ , h F ^j =- l + ~[t(Cl,h w )-X^lf(0) 



^ dim(Z)rk(F) X (Z) _ X '(Z;F) ^ fl{ iVi ) 



dt 

T' 

(308) 



Remark 7 : It follows from Proposition 44 that the integrand of (308) is 
integrable. 

Proposition 45 [9] One has 

dT(T H M,g TZ ,h F ) = I e(TZ,V TZ )Af (\/ F ,h F )-f (yW\ z )^H(Z;F\ z ^ 

J z 

(309) 

Proof : This follows from Propositions 43 and 44. ■ 

Upon passing to de Rham cohomology, Proposition 45 implies Proposi- 
tion 42. 

Remark 8 : One can extend the results of this subsection to the case when 
the fiber has boundary, by using the doubling trick of [23, Section IX]. 
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